Regenerative action of the wall on the heat transfer for directly and indirectly heated rotary kilns by Agustini, Sri Silvia
Regenerative Action of the Wall on the Heat Transfer for 












von Sri Silvia Agustini, M.Sc. 




Genehmigt durch die Fakultät für Verfahrens- und Systemtechnik 
der Otto-von-Guericke-Universität Magdeburg 
 
Promotionskommission:  Prof. Dr. –Ing. Jürgen Schmidt      (Vorsitzender) 
            Prof. Dr. –Ing.  Eckehard Specht   (Betreuer) 
       Prof. Dr. –Ing.  Evangelos Tsotsas (Gutachter) 
 
eingereicht am 9. Juni 2006 
 




First of all, I would like to thank God for leading my way up to now, irrespective of all the 
difficulties that were encountered. Also, my husband and children for their motivation and 
trust during the difficult moments. 
My sincere thanks to Prof. Dr. –Ing. E. Specht, promoter of my thesis for his technical 
suggestions, the discussions and for all the support during my work. I would like to thanks 
also Prof. Dr. –Ing. E. Tsotsas for the co-operation and disposition as a referee, and to all the 






 Der Wärmeübergang eines Drehrohrofens ist einmalig im Vergleich zu anderen 
geometrischen Formen, weil er Wärme sowohl unter der Lagerung als auch darüber überträgt.  
Die Wärme wird an das Feststoffbett auf zwei Wegen übertragen: über die freie Oberfläche 
des Bettes (direkter Wärmestrom) und über die bedeckte untere Oberfläche des Bettes 
(regenerativer Wärmestrom). Einige Studien über letzteren Mechanismus der 
Wärmeübertragung wurden in der Literatur zitiert. Jedoch wurden diese Arbeiten numerisch 
gelöst, wegen des zweidimensionalen Problems, das die Wärmeleitung in radialer und 
Umfang Richtung betrachtet. Deshalb basiert diese Studie auf einer einfachen analytischen 
Herangehensweise, um die Aufgabe in einem direkten und indirekt beheizten Drehrohrofen zu 
lösen. In direkt beheizten Drehrohröfen gibt das heiße Gas, das in den Ofen eingeleitet wird, 
Wärme direkt zur freien Ofenwandoberfläche und zur freien Bettoberfläche ab. Bei Rotation 
des Ofens wird die in der Ofenwand gespeicherte Wärme wieder zum Feststoffbett 
übertragen. Bei indirekt beheizten Öfen ist die Wärmequelle ein heißes Gas oder Dampf. Die 
Wärme wird an die äußere Schicht der Ofenwand abgegeben und diese Wärme wird über den 
Umfang des Ofens verteilt. Der Wärmeübergangsmechanismus zum Feststoffbett ist 
zweigeteilt: in Wärmestrahlung von der freien Wandoberfläche zu der freien Oberfläche des 
Stoffbettes und in Wärmeleitung von der bedeckten Wand zum Feststoffbett.  
 Um den gesamten Wärmeübertragungsmechanismus im direkt beheizten Drehrohrofen 
zu analysieren, wurde ein analytisches eindimensionales Model entwickelt, mit dem der 
Einfluss der verschiedenen Parameter auf die regenerative Wärmeübertragung durch die 
Wand festgestellt werden kann. Grundlage dieses Modells ist die Einführung einer thermisch 
aktiven Schicht charakterisiert durch eine unendliche Wärmeleitfähigkeit in radialer Richtung.  
Die Dicke der Schicht wird durch die Eindringtiefe in den halbunendlicher Körper bestimmt.  
Die betrachteten Parameter sind: Ofendurchmesser, Drehzahl, Füllungsgrad, Stoffwerte der 
Wand und der Wärmeaustausch zwischen Gas-Wand sowie Wand-Feststoffbett. Später wird 
das Modell mit den zweidimensionalen numerischen Ergebnissen mit einer Fehlerquote von 
weniger als 5% verifiziert. Ein neuer Parameter konnte vom analytischen Modell abgeleitet 
werden. Er heißt  Wärmetransportkoeffizient  ( ncT ⋅⋅⋅⋅= ρλπα ) und kann den Einfluss 
der Wand auf einfache Weise beschreiben. Mit diesem neuen Koeffizienten kann der 
regenerative Wärmeübergangskoeffizient als Serie von drei Widerständen beschrieben 
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werden ( WSα , GWα , Tα ). Es wurden Experimente mit einem Versuchsdrehrohrofen 
durchgeführt. Die Temperaturschwankung  der inneren Wand stimmt mit dem in dieser Arbeit 
verwendeten Modell überein. Das Temperaturniveau hängt vom Verhältnis der 
Wärmeübergangskoeffizienten ab, so dass  Temperaturmessungen der Wand behilflich sind 
bei der Analyse des Wärmeübergangsmechanismus. 
 Zum Schluss wurde ein analytisches Modell für einen indirekt beheizten Drehrohrofen 
entwickelt um den Beitrag der Ofenwand zum gesamten Wärmeübergang zum Feststoffbett 
zuanalysieren. Das Modell wurde für einen elektrischen Heizer und Gas oder Dampf als 
Wärmequelle entwickelt. Es wurden die gleichen Parameter wie die der Simulation des direkt 
beheizten Drehrohrofens benutzt. Das Modell zeigt die Verteilung des Wärmeübergangs von 
der offenen Wandoberfläche und der bedeckten Wandoberfläche zum Feststoffbett. In diesem 
Modell kann der Einfluss der Wand wieder beschrieben werden mit Hilfe des 




 The heat transfer in a rotary kiln is unique compared to other geometries because it 
transfers the heat under the load as well as on the top. The heat is transferred to the solid bed 
in two paths: across the exposed surface of the solid bed (direct heat flow) and the covered 
surface of the bed (regenerative heat flow). Some studies about the latter heat transfer 
mechanism have been cited in the literature. However, the works have to be solved 
numerically because of the 2-dimensional problem which considers the thermal conduction in 
radial and circumference direction. Therefore, this study has established an analytical solution 
in a simple manner to accomplish the task in directly and indirectly heated rotary kilns. In 
directly heated rotary kilns the hot gas introduced into the kiln is transferred directly to the 
exposed kiln wall surface and to the exposed bed surface. As the kiln rotates the heat, which 
is stored in the kiln wall, is transferred again to the solid bed. In indirectly heated rotary kilns 
the heat source is from the hot gas or the steam. The heat is given to the outer shell of the kiln 
wall and that this heat is distributed over the circumference of the kiln. The heat transfer 
mechanism to the solid bed is divided into two parts: the radiation heat flow from the exposed 
wall surface to the exposed bed surface and the conduction heat flow from the covered wall to 
the solid bed.  
 To examine the overall heat transfer mechanism in directly heated rotary kiln an 
analytical one-dimensional model has been developed to determine the impact of the different 
kiln variables on the regenerative heat transfer by the wall. The basis of this model is to 
introduce a lumped capacity layer with infinite conductivity in radial direction. The thickness 
of this layer is determined from the heat penetration in a semi-infinite body. The parameters 
considered are: kiln diameter, rotational speed, filling degree, material properties of the wall, 
and gas-to-wall as well as wall-to-solid heat transfer. Latter on the model is verified with the 
two-dimensional numerical results with an error of less than %5± .  A new parameter could 
be derivated from the analytical model which is named as heat transportation coefficient 
( ncT ⋅⋅⋅⋅= ρλπα ) which can describe the influence of the wall in a simple manner. With 
this new coefficient the regenerative heat transfer coefficient can be described as a series of 
three resistances: the heat transfer coefficient gas-to-wall ( GWα ), the heat transportation 
coefficient ( Tα ), and the heat transfer coefficient wall-to-solid ( WSα ). Experiments were 
carried out in a pilot plant kiln. The fluctuation of the inner wall temperature is in accordance 
with the model in this work. The temperature level depends on the ratio of the heat transfer 
vi 
coefficients, thus the measurements of the wall temperature help to analyze the heat transfer 
mechanism.  
 Finally, in indirectly heated rotary kiln an analytical model has been developed to 
estimate the contribution of the kiln wall to the overall heat transfer to the solid bed. The 
model was developed for electrical heater and gas or steam as heat sources, respectively. The 
same parameters as the simulation for the directly heated rotary kiln are used. The model 
shows the distribution of the heat transfer from the exposed wall surface and from the covered 
wall surface to the solid bed. In this model, the influence of the wall could be described again 































A  - Heat resistance ratio 
A  m Area per unit length 
a  m2/s Thermal Diffusivity 
Bi  - Biot number 
b  mm Effective depth of penetration in the solid bed 
c  J/kgK Thermal heat capacity 
D  m Diameter 
De  m Equivalent diameter 
d  m Wall layer thickness 
F  - Surface  area 
f  - Filling degree 
G  kg/m2 s Gas mass flux 
Gr  - Grashoff number 
H  W/m Enthalpy flow 
h  mm Mean thickness of gas film 
L  m Kiln length 
Nu  - Nusselt number 
n  rpm Rotational speed 
Pe  - Peclet number 
Pr  - Prandlt number 
Q&   W/m Heat transfer per unit length of kiln 
q&   W/m2 Heat flux 
R  m Radius 
viii 
R  - Resistance 
Re  - Reynold number 
r  m Radial coordinate 
St  - Stanton number 
s  m Lumped capacity layer 
s  m Wall thickness  
T  K Absolute temperature 
t  s Time  
u  m/s Velocity  
w  m/s Tangential velocity 
x  rad Circumferential coordinate 




α W/m²K Heat transfer coefficient 
β rad Central angle of solid bed 
χ mm Gas film thickness 
δ m Particle roughness 
δ m Thickness at the contact point  
ε rad Half central angle of sectional solid bed 
ε - Emmisivity 
ε - Surface porosity between particles 
ϕ degree Circumferential coordinate 
λ W/mK Thermal heat conductivity 
π - Constant (3.14) 
ix 
ρ kg/m³ Density 
σ W/m2K4  Stefan’s Boltzman Constant (5.67e-8) 
τ s Contact time between solid and covered wall 
ω 1/s Rotary frequency 
 
Superscript 
ad  Advection 




B  Solid bed 
c  Critical 
D  Diameter 
D  Direct 
eff  Effective  
el  Electric  
G  Gas  
G,0  Initial wall temperature in contact with gas 
G0  Convective outer wall 
GS  Gas to solid 
GW  Gas to wall 
g  Gas 
i  Inner  
k  Bulk 
L  Loss  
lam  Laminar  
x 
lc  Lumped capacity layer 
m  Material 
n  Transportation  
0  Outer  
0G  
Shell wall in contact with gas at covered wall 
region 
0S  
Shell wall in contact with gas at uncovered 
wall region 
p  Particle  
R  Regenerative  
rad  Radiation  
sb  Bed surface 
S  Solid bed 
S,0  Initial wall temperature in contact with solid 
ϕ  Circumference coordinate 
T  Transportation 
turb  Turbulent 
u  Gas layer 
ω  Velocity 
W  Wall  
W,G  Exposed wall 
WP  Wall to particle  
WS  Wall to solid 
1  Surface 1 
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 Rotary kilns are widely fixtures of the chemical, metallurgical and pharmaceutical 
process industries. They are capable of operating at high burning zone temperature, for 
example: burning of cement clinker (2000°C) [Peray and Waddell 1972], calcinations of 
aluminium oxide, coke (1300°C) [Manitius, A., et al. 1974, Bui, R.T., et al. 1995], lime 
burning (1200°C) [Georgallis 2004], calcinations of petroleum coke (1100°C) [Martins et al. 
2001]. Other application of the rotary kilns are the thermal treatment of waste material 
[Rovaglio et al. 1998, Silcox and Persing 1990, Ikuo 2001], the gasification of waste tires or 
wood to obtain activated carbon [San Miguel et al. 2001, Ortiz et al. 2005], and the thermal 
desorption of contaminated soils [Cundy and Cook 1995, Wilbrand  1997, Wocaldo 1994, 
Rensch 2001].  
 
 
Figure 1-1.  A direct heated rotary kiln [Baukal 2000] 
 
 
 As shown in Figure 1-1, rotary kilns are typically cylindrical, refractory-lined vessels. 
The raw materials are often granular in composition so that they can easily flow through the 
kiln. They are fed in at the higher end and exit at the lower end of the kiln. This geometry is 
normally characterized by a single burner located in or near the center of one end of the kiln 
and firing parallel to the axis of the kiln. In counter-current kilns, the material is fed in on the 
opposite end of the burner and in co-current kilns, the material inlet and the burner are at the 
same end. However, industrial kilns are normally operated counter current. Large kilns can be 
up to 6 m in diameter and 160 m in length [Baukal 2000]. 
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 The heat transfer in a rotary kiln is unique compared to other furnaces because it 
involves not only the gas and the moving bed of solids, but also the rotating kiln wall. The 
heat transfer steps are shown in Figure 1-2.  
 
 
Figure 1-2. Heat flow paths in a rotary kiln 
 
 
 The heat is transferred to the solid burden in two paths: across the exposed surface of 
the solid bed (direct heat flow) and the covered lower surface of the bed (regenerative heat 
flow). The mechanisms of the heat transfer to the two surfaces of the bed are very different. 
The exposed solid bed surface receives heat directly by radiation and convection from the 
freeboard gas ( GSQ& ), whereas on the covered solid surface heat flows by conduction from the 
wall to the solid ( WSQ& ). This latter heat transfer path is part of the regenerative heat transfer of 
the kiln wall. During the rotation, the wall receives thermal energy via radiation and 
convection from the hot combustion gas ( GWQ& ). A part of this energy is stored in the kiln wall 
and transported back as enthalpy flow ( WH& ) to the covered solid surface. However, owing to 
the high temperatures attained in the freeboard gas, radiation is the dominant heat transfer 
mechanism [Gorog 1989]. The other part of the heat which is radiated to the wall is reflected 
exclusively back to the solid bed ( GWSQ ,& ). For high temperature processes and high emissivity 
of the gas, the radiation heat transfer from wall to solid is neglected [Siegel and Howell 
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2002]. In addition, the solids typically tumble inside the kiln, which constantly exposes new 
material to the heat source. Tumbling of the solid and heating from below help to increase the 
efficiency of this process.  
 In the design or modeling of rotary kilns, four important aspects should be considered 
from the process engineering point of view: heat transfer, flow of material through the kiln, 
gas-solid mass transfer, and reaction kinetics. Heat transfer is the most important out of these 
aspects because in many practical cases heat transfer limits the performance of the rotary kiln 
[Barr et al. 1989]. 
 Numerous heat transfer models for rotary kilns are available in the literature [Sass 
1967, Pearce 1973, Gardeike 1978, Goshdastidar et al. 1996, Bui and Perron 1993]. The heat 
transfer model from these previous works has to be solved numerically because of the 2-
dimensional problem which considers the thermal heat conduction in radial and 
circumferential direction. Therefore, it is difficult to see the effect of the influencing 
parameters and to transfer the result to different kiln geometry. The study from Queck 2002 in 
the same research group had tried to solve the problem by introducing the fictitious layer in 
the wall. However, the study has some deficiencies in terms of the investigated parametric 
zones of the pilot kiln, the interpretation of the results and to many influencing parameters 
which has to be considered. Therefore, in this study a new model is introduced for the 
regenerative heat transfer that has a one-dimensional analytical solution. This can provide a 
very clear description not only of the regenerative heat transfer but also of its ratio to the 
direct heat transfer. 
 Rotary kilns can also be heated externally either with electric heat flux or the outer 
wall that is indirectly heated by the high temperature flow as its heat source see Figure 1-3. 
The externally heated kiln is often adopted as a pyrolyzer or gasifier of a special kind of waste 
[Schulz et al. 1993, Li, et al. 1999, Androutsopoulos et al. 2003]. Used also as an indirect 
rotary dryer for organic material [Wang et al. 1993, Canales, et al. 2001, Vega et al. 2000].  
However, most of these studies are not focused on the heat transfer in the kiln. No study has 
yet been made available to predict the temperature distribution on the kiln wall and the impact 





1.2 Scope of the work 
 
1. A sophisticated heat transfer model was developed to contribute a better understanding of 
the regenerative heat transfer of the kiln wall, which enabled the simple calculation of the 
temperature distribution on the kiln wall, the net rate of energy input to the bed material 
and unique to this study is introducing the heat transportation coefficient which described 
the influence of the wall in a simple manner. 
2. A series of heat transfer trials were carried out using the laboratory pilot kiln facility, 
which enabled the comparison with those of the recent study. 
3. To investigate the heat transfer phenomenon in the externally heated rotary kiln and the 
impact of the parameters to the overall heat transfer. 
5 
2 Literature review 
 
 
 It is pointed out in the opening discussion that in rotary kilns energy from the 
freeboard gas is transferred to the kiln wall and the solid bed by both radiative and convective 
heat transfer. The wall received the heat and transferred it back to the solid bed as the kiln 
rotate. The subsequent distribution of this energy is of vital importance to the satisfactory 
operation of the kiln. Therefore the radiative and convective exchange among the exposed 
wall and bed surfaces as well as the conductive exchange between the covered wall and the 
solid bed must be characterized. This in turn depends on many parameters those are different 
for each kiln and bed material. Before moving on to a brief examination of the fairly 
extensive studies pertaining to the regenerative action of the wall, it is appropriate to first 
review the literature relating to the heat transfer mechanism which influences the regenerative 
heat transfer and to investigate a range of values based on the previous studies. 
 
2.1 Covered wall-bed heat transfer 
2.1.1 Conduction heat tranfer coefficient  
 
 Heat transfer coefficient by conduction is employed to calculate the covered wall and 
solid bed exchange. This heat transfer includes both the heat transfer coefficient of the bed 
surface to the bulk solids and that of the wall surface to the bed surface. Estimation of this 
coefficient has generally been studied either by pure guess work or by adopting some type of 
surface renewal or penetration model. Typical guess-estimated values for wall-solid heat 
transfer coefficient were made by Gorog et al. (1982) in the range of 50-100 W/m²K and by 
Agustini et al. (2005) in the range of 50-500 W/m²K.  
The earlier investigation on this heat transfer was by Watchers and Kramers (1964) using 
heating sand of unspecified size in a rotating copper drum of 0.152 m ID x 0.475 m  A heat 











∂  (2-1) 
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where ba  is the heat diffusivity of particles, m
2/s. 
   
 
Figure 2-1. Penetration model for Bed-to-Wall heat transfer (after Watchers and Kramers, 1964) 
 
The initial boundary condition is illustrated in Figure 2-1, assuming the average temperature 
of the wall layer was constant during the time of contact. Their experiments indicate that at 
higher speed ( )rpm10n >  the heat transfer coefficients reduces by a factor of 3 with respect 









λα  (2-2) 
 














ππα  (2-3) 
 
The wall layer thickness, d´, was obtained by extrapolating the experimental data from the 
above equation 
 
 β310x12.1'd −=  (2-4) 
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The values of d´ were 1.8 mm and 1.5 mm with 53.2=β  and 83.1=β  radians, respectively 
in their experiments. However, the dependence of d´ in equation above on b, the central angle 
of the solids bed, can not be physically explained.  
Other simplified model was applied by Wes et al. (1976) in a drum of industrial scale drum of 
9.0 m ID x 0.6 m. The initial boundary condition is illustrated in Figure 2-2.  
 
 
Figure 2-2. Boundary condition assumed for covered wall-bed heat transfer (after Wes et al. 1976) 
 
 
The wall temperature was measured at 4.57 m from the entrance by thermocouple placed flush 
with the wall. Since the drum was heated by steam, the wall temperature was taken to be 
constant along the drum length. Potato starch or yellow dextrin with particle size of 15-100 
μm and filling degree between 11 and 23% were used. The rotation speed was predetermined 
at 1.6-6.5 rpm. The experiment results were in accordance with the following equation, which 






λα  (2-5) 
 
Values of about 250 W/m²K were found for a rotational speed of 6 rpm. 
 In the work of Lemberg et al. (1977), a laboratory rotary kiln was used in his work in 
the size of 60 cm length, 25 cm diameter and wall thickness of 3 mm. They introduced two 
regions at the contact between the bulk and the wall (see Figure 2-3 ). 
In region 1, the heat transfer occurs between the plane surface of the wall and the bulk 
perpendicular to this surface along x. And in region 2, he introduced a thin gas layer between 
8 
the bulk and the wall which causes a temperature jump at x = 0.  They used the following set 
of initial and boundary conditions illustrated in Figure 2-4 
 
 




Figure 2-4. Boundary condition assumed for covered wall-bed heat transfer (after Lehmberg et al. 1977) 
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T α   for region 2 
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τ  (2-7) 
 
and the heat transfer coefficient between the bulk and the thin gas layer  
 





































where BBBB cb ρλ ⋅⋅=  is the effective depth of penetration in the solid bed, kτ  is the 
contact time between solid and covered wall, ( )BBBB ca ρλ ⋅=  is the effective thermal 
diffusivities, mr  is the mean particle size, δu is the thin gas layer and ε is the surface porosity 
between particles.  
By adjusting the values of h  and δu, Equation (2-7) was reported in good agreement 
with their own experimental data using Quartz sand (mean particle sizes 157, 323, 794 and 
1038 μm) and sodium carbonate (soda), with mean particle size 137 μm. He reported the 
value of heat transfer coefficient between wall and solid around 40-400 W/m²K for a short 
contact time ( )1c s21 −=τ . The mean thickness of the gas film ( h1 ) increases with 
increasing particle size. The parameters, h  and δu were determined experimentally, therefore 
Equations (2-7) and (2-9) are not readily used for design purpose.  
 Recently Li et al. (2005) used the data from Lemberg 1975 to verify the validity of the 
heat transfer model in their paper. The principle mechanism of heat transfer of covered wall 




Figure 2-5.  Mechanism of heat transfer between wall-solid (after Li et al.) 
 
The total heat transfer coefficient is controlled by three heat resistance: 
WB
1





, thermal resistance due to unsteady state heat conduction from the bed surface to the 





, thermal resistance due to advection heat transfer within bulk solid, which can be 
approximated to zero. 
 



































WS  (2-10) 
 
 





























⎛= λρλ , ntc ⋅= π
ε . Gas film thickness: 
085.0=ℵ , filling angle is ε. 
 Figure 2-6 shows the comparison between extended penetration theory and the 




Figure 2-6. Comparison between extended model from Li et al. and experimental results from Lemberg 
et al. (after Li 2005) 
 
The simple penetration model was proposed by Tscheng, S.H. (1979). It leads to the 



























1/τc  (s-1) 
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Where n is the rotational speed of the kiln, R is the inner radius, LWS is the length of the 
contact part wall-solid, ε is the filling angle of the solid, and aB is the thermal diffusivity of 














The thermal properties of the wall have a significant influence to the heat transfer coefficient 
between wall and solid. However, the influence of the wall material is not considered. The 
effective thermal conductivity (λB) for sand is predicted from Figure 2-7  
 
 
Figure 2-7. Effective thermal conductivity for Sand (VDI 1997) 
 
Equation 2-12 is accordance with the investigations of 3 different authors (Wachters & 





Figure 2-8.  Correlation of simplified model from Tscheng S.H.  and experiment results (after Tscheng 
1979) 
 











The influence of the effective heat conductivity on the heat transfer coefficient wall to 
solid after Eq. 2-12 is represented in Figure 2-9. The material Quartz Sand (SiO2) (see chapter 
5, experimental investigation) is used with filling degree 20% and rotational speed n = 3min-1. 
The effective thermal conductivity is increasing as the kiln diameter decreases. This 
phenomenon influences the heat transfer coefficient wall-solid. The range of this coefficient 
according to Figure 2.9 leads to WSα  between 50 to 500 W/m²K. 
  Patison et al. (2000) used also this correlation to calculate the heat transfer in a rotary 
coal pyrolisis kiln. To calculate the effective conductivity of the charge, a correlation of 
Zehner and Schlünder (1972) is used. The value taken for the study was 350=WSα W/m²K. 
This value had been used also by Barr (1986) in his calculation using pilot kiln trial with 0.4 
m ID and prototype kiln model with 4 m ID.  
 Silcox et al.(1990) used this expression to calculate the heat transfer in rotary kiln for 
solid hazardous waste. He reported the heat transfer between wall and solid lies between 60-
400 W/m2K, which is shown in Table 2-1.  The material was sand with filling degree 10% and 















0.1 696 27 783 61 751 
0.2 748 54 760 123 783 
0.3 783 216 711 246 818 
0.4 807   392 843 
 
Table 2-1. Heat transfer coefficient between wall-solid for contaminated soil (after Silcox et al. 1990) 
 
 
Schlünder and Tsotsas (1988) introduce a penetration model of the heat transfer 
between bulk materials and heating surfaces. This model considers the mechanism of the 
contact heat transfer between wall and the first particle layer as shown in Figure 2-10 with 
shading as well as the drop of temperature within the solid bed material. 
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For a given heat flux q& , exists a temperature drop between the wall temperature TW 
and the middle temperature T0. The temperature jump at the wall arises due to the contact 
resistance between wall and the first particle layer. Between this temperatures difference a 
contact resistance S1 α is defined. A further temperature gradient takes place within the solid 
material and is computed by a penetration coefficient. A contact resistance in this range is 
defined as B1 α . 
 
Figure 2-10. Temperature profile in a packed bed heated from the surface of an immersed body (after 
VDI 1997) 
 





ααα +=  (2-14) 
 
where αS and αB are the heat transfer coefficient between the wall to the first particle layer  
and the heat penetration coefficient in the solid bed, respectively. The first heat transfer 





( ) ( ) radGWPS d/2l22
d/21 αδ
λϕαϕα +⋅+⋅+
⋅−+⋅=  (2-15) 
with surface ratio of the heating surface ϕ  = 0.8 
16 















The heat transfer coefficient between wall and a single particle  
 
















δλα  (2-17) 
 
 The heat transfer coefficient for a single particle in dependence of the pressure is 
presented in Figure 2-11 for smooth 0=δ  and rough particles ( )m10and2 μδ = . This case 
was measured for a particle diameter 2 mm, thermal conductivity 0.0275 W/mK and thermal 
capacity 1008 J/kgK.   
 
 
Figure 2-11.  Heat transfer coefficient for single particle from kiln wall for different particle surface 
             roughness (after Schlünder and Tsotsas 1988) 
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For a low pressure ll ≈+ δ . Where δ is the roughness of particle and l  is the modified free 


























0 ⋅⋅= ΩΩ   (2-20) 
 
where T is the absolute Temperature, P0 and T0 for air are 1 bar and 373 K, respectively. The 
initial accommodation coefficient Ω0 = 0.0654.10-6 m.  











The fictitious contact time t can be calculated from this correlation 
 
 mixNmixtt ⋅=  (2-22) 
 
n
1tmix =  (2-23) 
 
where n is the rotational speed of the kiln and Nmix is the Dimensionless mixing quality 
number. For typical rotary kiln according to (Wocaldo 1994) Nmix is equal to 2. The influence 
of the effective heat conductivity on the heat transfer coefficient wall to solid after Eq. 2-14 




Figure 2-12. Heat transfer coefficient for single particle from kiln wall for different particle surface             
roughness (after Schlünder and Tsotsas 1988) 
 
  
 The calculation of the contact heat transfer requires knowledge of numerous 
parameters, and the approach is difficult to apply in practice. Therefore, it is appropriate to 
have a range of values of this heat transfer coefficient in order to determine the impact 
parameter influencing the heat transfer in the rotary kiln.  Thus, based on the above studies, 
the suitable values for typical rotary kiln are in the range of 50 to 500 W/m²K. 
 
 
2.1.2 Regenerative heat transfer 
 
Previous studies to predict the regenerative heat flow of the kiln wall were relatively 
crude. The earlier attempt was reported by Brimacombe and Watkinson (1978). They reported 
that only small fluctuations of the temperature exist on the inner wall and are negligible in the 
middle of the refractory wall as shown in Figure 2-13. There was no analytical solution to 
predict the fluctuations of the wall temperature. 
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Barr et al. (1989) extended the experiment by inserting thermocouples at several depths in the 
kiln wall Figure 2-14.  
 




Figure 2-13.  Typical wall and bed thermocouple traces (after Brimacombe and Watkinson 1978) 
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The result indicates that the kiln wall is divided into two regions, a thin active layer at 
the inner surface which undergoes a regular cyclic temperature change as the wall rotates, and 
a steady state layer which is not involved in the heat exchange Figure 2-15.  
The results of their study indicate that during the kiln rotation, the region of the active 
layer rarely exceeds a depth of 15 mm and the cyclic temperature on the inner surface of the 
kiln wall lies in the range of 30 to 90 K. Unfortunately, the calculations for the wall active 
layer and the heat flux in the wall active layer had to be solved numerically. Thus, it is 
difficult to see the impact of the influencing parameters and to scale up results. 
 
 
Figure 2-15.  The active and steady-state layer in the refractory wall (after Barr et al. 1989) 
 
 
Gardeik and Jeschar (1979) studied a one-dimensional heat flow model which was 
developed by applying an infinite large thermal conductivity coefficient of the kiln wall. A set 
of dimensionless equations to predict the fluctuation of the wall temperatures depending on 
the Stanton number and filling degree were investigated. These equations could only be 
solved numerically. Therefore parameters influencing the regenerative heat flow are not much 
discussed. The whole thickness of the kiln wall was used to solve the problem and no 
prediction of wall active layer was found. Substantially, the impact of the regenerative heat 
flow relative to the other heat transfer steps were not described clearly.  
 AL     Wall active layer 
SSL     Wall steady state layer 
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Gorog et al. (1982) developed a two dimensional, finite difference method to predict 
the variation of the inside kiln wall temperature. The heat transfer between the covered wall 
and the bed was calculated using the analogy of an electrical circuit. The results of his study 
indicate that during the kiln rotation, the region of the active layer rarely exceeds a depth of 
15 mm and the cyclic temperature on the inner surface of the kiln wall lies in the range of 30 
to 90 K. However, the thickness of the active layer and the heat transfer model has to be 
solved numerically.  
Since none of the models proposed in the literature could satisfactorily represent a 
simplified approach to predict the regenerative heat transfer in the rotary kiln, an attempt was 
made in this work to accomplish this task. This correlation is discussed in Chapter 3. 
 
2.2 Convection in the freeboard gas 
2.2.1 Convection between the gas and wall 
 
 The convective heat transfer includes two paths in the rotary kiln: heat transfer 
between the freeboard gas and the wall ( )GWα  and heat transfer between the freeboard gas 
and the solid bed ( )GSα . At low temperature, convection is the dominant energy transport 
process but at moderate or high temperature its importance is certainly less.  
 Several equations have been studied to predict the correlation of convective heat 
transfer coefficient to the kiln wall in rotary kilns. Earlier studies, Sass (1967), Riffaud et al. 
(1972), Wingfield et al. (1974), applied pipe flow correlations for gas to wall convection  
 
 ( ) 67.0gGW G0981.0=α   
(2-24 ) 
 
where Gg is the gas mass flux kg/hr m2 (cross section kiln). The value of 10 W/m²K is 
















for a cylinder with 400D/L10 << . This correlation was chosen by Gorog et al.(1982) to 
calculate the convection in a 3.5 m ID x 135 m long rotary kiln with 5105.2Re ⋅= . The 
results of Eq. (2-19) yield a heat transfer coefficient of about 12 W/m²K. In their theoretical 
study a range of 10 to 30 W/m²K was employed.  
 Watkinson and Brimacombe (1978) carried out a series of experiments using a 0.406m 












It is found that for the range of temperature higher than 700 K the convection heat 
transfer accounts for around 10%. At 5D 102Re ⋅= , representative of the pilot kiln, the 
values lie around 2-3 W/m²K. The gas radiation was increased with the kiln size, due to the 
increase of beam lengths.  
 Wes et al. (1976) reported that a value of 4-5 W/m²K exist at 5D 10x5.2Re =  in his 
experiment using air in an empty metal drum with flights. By doubling the air flow and Re 
enhanced the heat transfer coefficient by only 4%. 
  Tscheng and Watkinson (1979) carried out an extensive series of experiments in a 
0.191 m x 2.44 m kiln using heated air to eliminate gas radiation. The parameter of the 
experiments was the rotational speed, gas flow rate, and filling degree. The correlation used to 
verify the analysis was 
 
 292.0575.0DGW ReRe54.1Nu




Figure 2-16.  Effect of rotational speed on convective heat transfer coefficient (after Tscheng and 
Watkinson 1979) 
  
 The rotational speed has a slightly positive effect on GSα , as shown in Fig. 2-16. This 
expression is valid in the range of 7800Re1600 D <<  and 800Re20 << ω . They reported a 
value of  2-9 W/m2K for the pilot kiln type.  
 Barr PV (1986) conducted a series of experiments using pilot rotary kiln 0.406 m x 5.5 
m. He reported the range of convective coefficient around 1.5 – 15 W/m²K with the same 
range of ReD as Tscheng (1979). The correlation over a flat plate was used 
 
 33.08.0DGW PrRe029.0Nu ⋅=  (2-28 ) 
 
The scatters results are shown in Figure 2-17, which can be attributed to the fact that 
the kiln wall boundary layer is fully turbulent. The experiment were carried out using various 
material (Fine sand, coarse sand, petroleum coke, and limestone). The rotation speed was 
maintained at 1.5 rpm and the filling degree was held approximately constant (~ 12%), as was 
the kiln slope.  
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Figure 2-17.  Convection to the exposed wall surface (after Barr 1989) 
 
 
According to (VDI 1997), the convective heat transfer from gas to wall/gas to solid is 






























−−⋅=ζ  (2-30) 
 













D1Pr)100(Re0214.0Nu  (2-31) 
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2.2.2 Convection between gas and solid bed 
 
 The convective heat transfer coefficient between gas and exposed bed surface is 
considerably less important than to the exposed wall. Some investigators (Riffaud 1972, Sass 
1967) have used Equation 2-24 for gas to wall convection to calculate heat flow from gas to 
solid bed. This coefficient is independent of the rotation speed, particle size, and inclination 





λαα ==  (2-32 ) 
 
were used for gas-wall and gas-solid convection in modeling iron ore reduction (Wingfield, 
1974), alumina kiln (Manitius, 1974), and the non-reacting zone of a cement kiln 
(Ghoshdastidar, 1996).  
 Friedman and Marshall (1949) carried out several experiment trials in a rotary kiln 
heat exchanger using air and sand with and without internal flights. Values of 
KmW3519 2GS << α  were reported for kiln without flights independent on ReD. There 
were no significant influence of particle size and rotation speed ( 3-20 rpm) on the coefficient. 
This condition might be expected if the bed surface played a limiting role in the heat transfer 
process.  
 In VDI 1997, the same correlation is used for heat transfer coefficient between gas and 
wall as well as gas and solid according to Eq. 2-29.   
  Wes et al. (1976) was the first who corrected this assumption. The results are given in 
Figure 2-18. They claimed that there should be a kind of penetration mechanism for the heat 
transfer to the flowing particles because of the rotational speed. This work showed that 
( ) GWGS 10~5 αα ⋅≈  for a rotary kiln with low flights. Thus, the assumption that 








 The experimental study reported by Tscheng and Watkinson (1979) is the most 






















⋅=  (2-35) 
 
where eD  is the equivalent diameter as a function of filling degree f . This correlation was 
obtained by regression analysis and the results are plotted in Figure 2-19. As it was the case of 
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the exposed wall, Eq. (2-33) implies a declining role for convection to the solid bed with 
increase in kiln diameter. 
 
 




 The results indicated that GWGS 10 αα ⋅= as shown in Figure 2-20 for various gas 
flow rate. As shown previously in Fig. 2-18, this coefficient has a weak function of rotation 
speed. This condition might be expected because of the assumption that there was no 
temperature gradient in the solid bed.  
 Gorog et al. (1982) reported values in the range of 50 to 100 W/m2K and recommended 
following equation for the kiln gas in contact with the solid bed 
 
 ( ) 62.0gGS G4.0 ⋅=α  (2-36 ) 
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Figure 2-20. Effect of gas flowrate on convective heat transfer coefficient (after Tscheng 1979) 
 
  
Figure 2-21. Convection to the solid bed surface (after Barr et al. 1989) 
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Barr et al. (1989) performed an extensive experimental study in a pilot kiln as used by 
Brimacombe and Watkinson (1978). The rotational speed of all the experimental studies was 
maintained at 1.5 rpm except for the last trials which were at a rotational speed of 1 rpm. 
Unfortunately, these rotational speeds were too low for the industrial rotary kiln. They 
concluded that the GSα  was slightly higher than GWα . The mean value of 480~Nuz  
(Figure 2-21) is only about two times higher than the mean value for 200~Nuz  (Figure 2-
17), i.e. GWGS 2~ αα ⋅ . However, in view of the large amount of scatter exhibited by the 
current data, the results must be viewed with caution. 
 Although exact values of convective coefficients remain elusive, appropriate values 
are sufficient to examine the relative importance of gas-convection versus gas-radiation. Barr 
(1986) emphasized that in the pilot kiln, convection to the exposed wall will be comparable to 
gas radiation only at low emitting gas concentrations or relatively low gas temperature. 
However, the convection to the solid bed is significant and accounted for about 20% of the 
total gas to bed surface heat transfer even at stoichiometric gas mixture and temperatures of 
1000 K. For industrial rotary kiln, the role of convection is reduced to a very minor one due to 
the combined effects of longer emitting gas path lengths (high beam length). Thus, base on 
the above studies suitable ratios for heat transfer coefficient gas-solid, which incorporates 
radiation and convection, is in the range of ( ) GWGS 102~ αα ⋅− . 
 
2.2.3 Convection to the outer shell 
 
 Another convective heat transfer occurs at the outer kiln wall, which can be by natural 
convection or by forced convection when there is a wind. The empirical equations is given in 
VDI wärmeatlas (1997), in the case of natural convection in laminar flow the heat transfer 
coefficient is evaluated as 
 
 ( ) 25.00 PrGr4.0Nu ⋅⋅=   (2-37 ) 
 










lam PrRe664.0Nu ⋅⋅=  (2-39 ) 
 ( )1PrRe443.21 PrRe037.0Nu 321.0
8.0
turb −⋅+
⋅⋅= −  (2-40 ) 
 
These equations gave a value of KmW26.0 20 =α  for natural convection and 
KmW403 20 ≤≤ α  for forced convection. Gardeik and Ludwig (1980) proposed a mean 
value of the heat transfer coefficient due to free and force convection and radiation on the 
external kiln wall. The mean value for convection is 8 W/m²K and for radiation 15 W/m²K for 
an external kiln wall temperature of 300°C with no air velocity. 
 
2.3 Radiation in the freeboard gas 
2.3.1 Radiative heat transfer 
 
 The radiative heat transfer is significant since most of the furnaces operate in high gas 
temperatures. Thus, a model for the radiative heat transfer among the gas, exposed wall, and 
bed surface is important for any kiln model. It is difficult to directly simulate the radiation in a 
rotary kiln. In general, radiative is negligible at gas temperature less than 300-400°C, but it is 
comparable to the convective heat transfer at temperature 700-900°C, and dominant at 
temperature greater than 1000°C (Gorog 1981, 1982). An accurate knowledge of the gas 
emissivity is difficult since it depends on various parameters e.g. kiln diameter (mean beam 
length), concentration of combustion gas, dust, and soot (emissivity of the gas), emissivity of 
the wall, etc., and it is different for each kiln. The emissivity of the gas in the rotary kiln 
depends on the absorbent concentration such as H2O, CO2, CO, and CH4, and the present of 




 εΔεεε ++= 20H2COg  (2-41 ) 
 
where the emissivities of each component are calculated from their partial pressure, corrected 
by the coefficients εΔ . The contribution of gases other than CO2 and H2O in the rotary kiln is 
small, due to their low concentrations. The contribution of dust is also important due to the 
ash from the fuel such as coal, the ash from the materials that break due to the kiln rotation or 
the breakage of the larger particles with increasing temperature. 
 Among the models for radiation in rotary kilns proposed in the literature, Gorog et al. 
(1981) and Barr et al. (1986) gave a detailed description of the heat transfer between the gas, 
solid and wall by employing the n-zone method. Most of the equations proposed are from 
VDI wärmeatlas (1997) 
 
 ( )4 G,W4GG,WGWGW TTAQ −⋅⋅⋅= σε&  with ⎟⎠⎞⎜⎝⎛ −= 2DA iG,W επ  (2-42 ) 
 
 ( )4S4GSGSGS TTAQ −⋅⋅⋅= σε&  with ⎟⎠⎞⎜⎝⎛⋅= 2sinDA iS ε  (2-43 ) 
 
 ( )4S4 G,WSWSWS TTAQ −⋅⋅⋅= σε&  (2-44 ) 
 
where Q&  is the radiative flux per unit length of the kiln, σ  is the Stefan’s Boltzman constant, 
A is the area per unit length, G,WSG T,T,T  are the temperatures of the gas, solid, and the 
uncovered inner wall, respectively; and the coefficients WSGSGW ,, εεε  are the emissivities of  
gas-to-wall, gas-to-solid, and wall-to-solid, respectively. The last coefficients are the radiation 
heat transfer coefficients which are depend on the view factor of the kiln, emissivities of gas, 
solid, and wall. The last coefficients depend on the view factors of the kiln, which is rather 
complicated. Recent investigators have attempted to solved this problem; Guruz and Bac 
(1981) using the Monte-Carlo method, Jenkins and Moles (1981) using the Zone method from 
a large enclosed flame, Jeschar et al. (1990) using exchange of two infinite parallel plate. The 
assumption that kiln enclosure is an infinite parallel plate, is not quite suitable for rotary kiln 
because the circumferential wall of the rotary kiln is approximately a concave shape. Thus, a 
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part of the radiant energy leaving the kiln wall will strike itself directly ( )0Fii ≠ . Of all 
radiation models available, the Zone method is the accurate for calculating radiative heat 
transfer in fired heaters. Originally, it had been proposed by Hottel and Cohen (1958) for 
cuboids systems and was later extended to axisymmetrical cylindrical systems by Hottel and 
Sarofim (1965). Gorog et al. (1981) estimated the radiant heat transfer using exchange 
integral in multiple zone models. The prediction of total radiative exchange amongst the 
freeboard gas, kiln wall, and solids based on a real-gas radiative model, and comparison to 
simpler gray-gas models. The results proposed radiative heat transfer and modified view 
factor amongst the zone; however, the equations were so complicated and had to be evaluated 
using multiple integration. Recently, Murty (1993) proposed a non-stochastic type of Monte-
Carlo method for calculation of direct exchange factor (view factor) of a rotary kiln. 
However, these calculations had to be evaluated in multiple integration using numerical 
techniques of Monte-Carlo method.  
 
2.3.2 Linearization of radiation 
 
 The high freeboard gas temperatures of most rotary kilns ensure that radiative heat 
transfer is significant. The temperature of the combustion gas in the kiln is reduced in radial 
direction, thus the effect of convection should also be considered. Therefore, it is necessary to 
take into consideration both radiation and convection to the total heat transferred from the gas 
to the wall or to the solid bed. When the surface of body 1 is completely surrounded by a gray 
body 2 with a much larger surface area (the case in the rotary kiln), the rate of radiation heat 
transfer is given by (F.A. Schmidt et al. 1995) 
 
























Surface 1 represents freeboard gas and surface to represents solid bed or kiln wall. A 
radiation heat transfer coefficient, radα , can be introduced and the equation can be linearized 
(F.A. Schmidt et al. 1995, K.F. Wong 2002) 
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The total heat flux is 
 




3 Regenerative action of the kiln wall in a directly heated rotary 
kiln  
3.1 Introduction  
 
 The purpose of the work described in this chapter is to develop a fundamental 
understanding of the regenerative action of the wall relative to the overall heat transfer to the 
solid bed. Regenerative heat transfer has generally received inadequate attention. A detailed 
mathematical model has been developed which takes into account all of the heat-transfer steps 
which is previously described and shown schematically in Figure 1-2. However, these studies 
have neglected the influence of the regenerative heat by the wall. In additions, some previous 
attempts to predict the regenerative heat transfer is solved only numerically [Sass, A., 1967, 
Manitius, A.1974, Watkinson, A.P.and Brimacombe, J.K., 1978,]. Therefore, it is difficult to 
see the impact of the influencing parameters and to transfer the results to different kilns. 
Toward this goal, the model developed in this chapter, is used to explore the regenerative 
action of the kiln wall by introducing a simplified analytical model which has a small 
deviation with the numerical model.  In the recent work of Queck 2002, the idea to predict the 
regenerative heat transfer by use of a fictitious layer thickness of the wall was introduced. The 
measurement of temperatures within the solid bed was investigated by inserting 
thermocouples into the bed at different depths. However, the measurements were performed 
only at two axial positions of the pilot kiln and the analytical model to solve this problem has 
some deficiencies. Therefore, an additional research is necessary to interpret the results. In 
addition, a simplified model also developed in this chapter to predict the inside wall 
temperature by introducing a thin lumped capacity layer, and also introducing a new 
parameter of heat transportation coefficient due to the rotating kiln wall. An advantage of this 
analytical solution is the implementation in complex simulation models of processes without 
the necessity to solve numerically the two-dimensional Fourier equation for the regenerative 




3.2 Numerical method 
3.2.1 Description of the Model  
 
For the computation of the stationary temperature distribution in the rotary kiln wall 






















where ϕ  is the angle of the circumference and r the radial coordinate according to Figure 3-1 
for a cross-section of the rotary kiln. The length of the rotary kiln is long enough in 
comparison to its diameter; therefore the axial thermal conduction along the kiln can be 
neglected (3rd dimension: Z). Thus, it reduces to a 2-Dimensional problems depending on 









The tangential velocity ϕw  is replaced by the rotational frequency ω  
 rw ⋅= ωϕ  (3-2) 
 
 This rotational frequency which is proportional to the rotational speed is used later as a 
parameter. The material properties are assumed to be constant because the temperature 
differences are relatively small across the kiln wall. Two boundary conditions in r and ϕ  
directions are needed. On the inner surface of the kiln wall the boundary condition in r-
direction differs between the gas and the solid side. 








αλ εϕ 20 ≤≤   (3-3)
 
where iRrT =  is the inner surface temperature of the kiln wall. The mean temperature of the 
solid bed ( ST ) is assumed to be constant during the rotation. In reality, the temperature within 
the solid bed is distributed due to the mixing of the bed resulting from rotations but the 
temperature gradient is relatively small [Dhanjal, S.K. et al. 2004].  The bed movement 
depends on different forms of transport motion as explained by Mellman and Specht, 2001. 
For the description of the transverse solid motion, please refer to Liu et al., 2004. For the 
purpose of this study, it is not important to know the exact movement and the temperature 
distribution in the solid bed. A constant mean solid temperature is an appropriate 
simplification to provide a good approximation. 
 The heat transfer coefficient wall-to-solid ( WSα ) , as explained in Chapter 2, depends 
on many parameters such as kiln operating conditions (filling degree f and rotational speed n), 
material properties, the contact time and the length of the covered wall in circumference 
( WSL ). Therefore, this coefficient is taken as a parameter of the calculation.  For example, the 
following expression is presented to compute this coefficient [Tscheng, S.H. and Watkinson, 



























⋅⋅⋅=  (3-4) 
 
where eBλ , Bρ  and Bc  are the effective thermal conductivity, the density and the heat 
capacity of the solid bed, respectively. From this equation the range of the values of the heat 
transfer coefficient can be clearly estimated. As mentioned previously in chapter 2, WSα  
values is approximately in the range of  50- 500 KmW 2 . 
 The heat transfer in the contact region of gas-wall is mainly transferred by radiation 
[Gorog, J.P., 1981]. But later for comparison with the analytical model, a linearization of this 
heat transfer is required. Therefore, in this region the heat transfer is described by the law of 
convection  
 








πϕε 22 ≤≤  
(3-5) 
 
where GT  is the gas temperature which is assumed as constant throughout the cross section.  




























1T..σεα  ( 3-6) 
  
 The fluctuation of the wall temperature WT   is less than 15% of the temperature 
difference between gas and wall, e.g. less than 70 K if the SG TT −  is about 500 K. An 
example will be shown later. Therefore, this temperature is assumed as constant with a mean 
value of iRrT =  in circumferential direction. 
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 The effective emissivity effε  depends on many parameters, e.g. kiln diameter (mean 
beam length), concentration of combustion gas, dust, and soot (emissivity of the gas), 
emissivity of the wall, etc., and it is different for each kiln. Therefore, this heat transfer 
coefficient is again taken as a parameter. The range of its value is estimated as follows. For a 
high value of the combustion gas temperature of 2000°C and effε  = 0.5, the maximum value 
of GWα  is approximately 1000 W/m²K. For a low value of combustion gas temperature of 
1000°C and effε  = 0.35, the value is approximately 200 W/m²K. The values are varied within 
this range. 
The boundary condition on the external kiln wall is given as 
 









πϕ 20 ≤≤  
(3-7) 
 
The heat loss is approximated by the stationary heat conduction through the wall (Gorog, J.P., 
1982) 
 
 ( )00W00L TTR2q −⋅⋅⋅⋅= απ&  (3-8) 
 
where 0α  is the mean value of the heat transfer coefficient due to free and force convection 
and radiation on the external kiln wall. This coefficient is determined in the study of Gardeik 
and Ludwig 1980, the mean value for convection is 8 W/m²K and for radiation 15 W/m²K for 
an external kiln wall temperature of 300°C and no air velocity. Typical values of the heat loss 
lie between 2700 W/m² and 4000 W/m². The amount of the heat loss does not affect the 
regenerative heat transport by the wall which can be seen later. 
 Due to the closed ring, the following boundary conditions for the angular direction are 
valid 
 
 ( ) ( )°=≈°= 360T0T ϕϕ  (3-9) 
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and  
 ( ) ( )°=∂
∂=°=∂
∂ 360T0T ϕϕϕϕ  ( 3-10) 
  
The differential equation (Eq. 3-1) was solved by the means of an implicit Finite 
Element Method (FEM) under ANSYS version 6.1. The segmental geometric configuration 
with cylindrical faces and the structure grid with four nodes were chosen. Five thousand cells 
were used for the meshing of the segmental geometry of the cylindrical kiln. The faces were 
divided into 360 grids along the circumferential direction and 15 grids along the radial 
direction. Using more cells will not lead to any remarkable changes in temperature and will 
give less than 0.5% deviation in heat flow. The standard element type plane 55 for two 
dimensional thermal solids is used for the ANSYS calculations. This element type can be 
used as a plane element or as an axisymmetric ring element with a two-dimensional thermal 
conduction capability.  
 
3.2.2 Temperature distribution 
  
 The fluctuation on the internal surface temperature of the kiln wall is presented in 
Figure 3-2 as a dimensionless form along the circumference. For this example, a typical 
refractory material with values of ρ  = 2100 kg/m3, c = 1040 J/kgK, λ =  2 W/mK is used. The 
rotational speed varies within a range of 0.5 -10 rpm. A lab-scale kiln for the experimental 
work with 0.4 m ID and the filling degree 10% is used. Wall-to-solid and gas-to-wall heat 
transfer coefficients have the same value of 100 W/m2K. This figure shows that the rotational 
speed has low influence, for example for kiln speed 1 rpm the fluctuation of the temperature 
only 2%. The fluctuation of the kiln wall temperature decreases as the kiln speed increases. 
The kiln wall is alternately cooled and heated during each revolution by the hot gas and the 
cold solid respectively. In addition, for a very low kiln speed the fluctuation is increased.    
 The fluctuation of the kiln wall temperature can be clearly seen in Figure 3-3. In this 
case the parameter is the ratio of heat transfer coefficient wall-solid to heat transfer coefficient 
gas-wall. The kiln wall stores heat as it rotates on the gas side and gives the heat back to the 
solid bed as the kiln wall touches the solid. As the contact heat transfer wall-solid increases, 
the temperature of the kiln wall decreases toward the temperature of the solid bed. Vice versa, 








Typical radial wall temperature profiles are plotted in Figure 3-4 and Figure 3-5.  The 
temperatures are set to be constant for the gas at 1000°C and the solid at 500°C. Four different 
circumferential positions are presented in a small figure above the curve. 0,ST  is the initial 
point of the inner surface wall temperature in contact with the solid, and 0,GT  is the point in 
contact with the gas. These two points are the maximum fluctuation temperatures of the 
internal surface kiln wall. The range where the curves of the solid side and gas side overlap is 
known as the penetration depth. This penetration depth is much smaller than the wall 
thickness which is typical in the range of 300 mm. After this range, the temperature gradient is 
determined by the heat loss. Back to Figure 3-4, for example a typical rotary kiln is 
considered with a filling degree of 10% and a rotation speed of 3 rpm. The circumferential 
inner wall temperature fluctuation is around 70 K and the penetration depth in the wall is 
around 10 mm. A similar penetration depth and fluctuation temperature is also reported by 
Gorog et al., 1982. The penetration depth depends on the contact time between the solid and 
the rotating wall. Thus, for a lower rotation speed and higher filling degree, the range of the 
predicted penetration depth is increased as shown in Figure 3-5 for a rotary kiln with a filling 
degree of 20% and a rotation speed of 1.5 rpm. On the other hand, the penetration depth is 
independent of the kiln diameter, which will be explained later in the analytical model. 
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Therefore, the kiln diameter will not affect the range of the penetration depth. Experimental 
work conducted by Barr et al. 1989 and Queck 2002 supports this behavior. 
 
 
Figure 3-3. Dimensionless temperature in the circumferential direction 
 
Figure 3-4. Temperature distribution on the kiln wall for a relatively short contact time and low filling  
                    degree  
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Figure 3-5. Temperature distribution on the kiln wall for a relatively short contact time and high filling         
degree 
  
3.2.3 Heat flow 
 
 The heat flow from the wall to the solid is determined by the temperature gradients on 












































Figure 3-6.  Comparison of numerical gas and solid regenerative heat flows 
 
  
These two regenerative heat flows by the wall are shown in Figure 3-6 for some 
examples. It can be observed that the heat flows are more strongly influenced by the heat 
transfer coefficient wall-to-solid ( WSα ) than the heat transfer coefficient gas-to-wall ( GWα ).  
The heat flow GWQ&  from the gas to the wall is higher than the heat flow WSQ&  from the 
wall to the solid. The difference is caused by the heat loss of the kiln to the environment, as 
described before with Eq. (3-8). The heat flows will be compared later with the analytically 
calculated heat flows which are explained in the following section. 
 
3.3 Analytical solution 
3.3.1 Temperature distribution 
 
 As shown previously with the numerical results, the penetration depth is much smaller 
than the thickness of the refractory wall. The wall thickness has no influence to the heat flow 
in the kiln. It is assumed that only a layer near to the surface of the kiln wall which is named 
as a thin lumped capacity layer (s) participates in the heat exchange. The thermal conductivity 
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of this layer is infinite in the radial direction and assumes to save the same amount of heat as 
the whole wall, as it is represented schematically in Figure 3-1. Thus, the temperature is 
constant in radial direction and depends only on the angular direction. Therefore, the model 
reduces to a 1-Dimensional problem. Since the thickness of this layer is very much smaller 
than the kiln diameter, its velocity (u ) can be assumed to be constant and set equal to the 
surface velocity 
 
 nR2u i ⋅⋅⋅= π  (3-13) 
  
 Remarkably, for the values of rotation speed greater than 0.3 rpm, the heat conduction 
in the angular direction can be neglected. With these simplifications, the temperature only 
depends on the circumference (one-dimensional). 
 For the further calculations, the coordinate x in circumferential direction is introduced 
according to Figure 3-1. Thus, the wall temperature in the solid region and in the gas region 
can be calculated using lumped capacity model  
 
Solid region  



















Gas region  




















where Sx and Gx  are the angular coordinates of solid and gas region, respectively; and s is 
still the unknown thickness of the lumped capacity layer. The initial temperatures 0,GT  and 
0,ST  are obtained from the condition that the temperatures at the end of each region have to 
be equal to the inlet temperature of the other region  
 
 ( )WSS0,G LxTT ==  (3-16) 
 ( )GWG0,S LxTT ==  (3-17) 
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where WSL and GWL  are the angular lengths of solid and gas region, respectively. 











































































The lengths of the solid and the gas in contact with the rotating wall can be replaced by the 
internal kiln diameter and the filling degree 
 
 DLWS ⋅= ε  (3-22) 
 ( )επ −⋅= DLGW  (3-23) 
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 Figure 3-7 shows the dimensionless temperature distribution for various Stanton 
number at heat transfer coefficient ratio = 4. As the Stanton number decreases, the inner wall 
temperature difference decreases. At a low rotational speed (n = 0.5 rpm, St = 0.5) the 
fluctuation of the inner wall is high. However, at infinite rotational speed (St = 0) there are no 
more temperature difference of the inner wall according to Eq. 3-25. This fact indicates that 
the heat transportation coefficient which involved the rotational speed indeed influences the 
temperature fluctuation of the inner wall. The fluctuation of the inner wall influences the 
thermal stresses of the refractory wall. This result is important since the life time of the 




Figure 3-8. Influences of wall-solid heat transfer coefficient to the dimensionless temperature  
 
 
Figure 3-8 illustrates the influence of wall-solid heat transfer coefficient to the 
dimensionless temperature distribution of the inner kiln wall at typical rotational speed (n = 3 
rpm). The level of the inner wall temperature increases towards the gas temperature at low 
wall-solid heat transfer coefficient and the level decreases towards the solid temperature at 
higher values of this coefficient. This fact is due to at high value of heat transfer coefficient 
wall-solid the heat is perfectly transferred from wall to solid. As a consequence, the 
temperature of the wall tends to decrease towards the solid bed temperature (TS).  In the case 
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of constant rotational speed, the fluctuation of the inner wall decreases at higher value of the 
wall-solid heat transfer coefficient which can be seen clearly in Figure 3-9 with the same 
parameters. At the same magnitude of both heat transfer coefficients, the fluctuation of the 
inner wall is around 15% at rotational speed 1 rpm. The temperature difference becomes 





Figure 3-9. The maximum and minimum dimensionless inner wall temperature differences 
 
  
3.3.2 Heat flow 
 
 The calculation of the regenerative heat flow is as follows 




SWSGGGWR dxTxTαdxTxTαQ ∫ ∫ −=−=&  (3-26) 
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 The amount of the heat which is transported from the freeboard gas to the wall is 
transferred again to the solid WSGW QQ && = . Thus, the heat loss is neglected in this model. 
After inserting Eq. (3-18) or (3-19) into Eq. (3-26), the regenerative heat flow related to the 
kiln length L is as follows 
 







−⋅−⋅−⋅⋅= α&  (3-27) 
 
In the numerical model the radiation has to be linearized; therefore in order to verify 
the validation of the linearization, the heat flow using actual temperature from the numerical 
model and mean wall temperature from the analytical model is compared. 
 
 ( )4W4GT TTQ iRr −⋅⋅== σε&  (3-28) 
 
For the analytical model, linearization of Eq. 3-6 is used  
 
 ( )WGGWTT TTQ iRr −⋅=== α&  (3-29) 




Figure 3-10. Comparison between heat flow with mean wall temperature and actual temperature 
 
 
The error between the heat flow with mean temperature and linearization of radiation 
(
iRrT
Q =& ) and with the actual temperature iRrTTQ ==
&  is less than 2% (see Figure 3-10 ) 
 
3.3.3 Thin lumped capacity layer 
 
 The calculation of the Stanton number requires the thickness s of the thin lumped 
capacity layer. The wall can be regarded as a semi-infinite body as could be seen in Figure 
3-4 and Figure 3-5 for the numerical calculation. The distribution of the temperature in a 
semi-infinite body is given in Carslaw 1959. For the region of the contact solid-wall this 
equation can be written as 





− +⋅⋅  (3-30) 
 




rZ ⋅⋅=  (3-31) 
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where WSt  is the contact time between the rotating wall and the solid bed, and a  is the 
thermal diffusivity of the wall. The symbols λ , ρ and c are the thermo-physical properties of 
the kiln wall. The contact time between the rotating wall and the solid depends on the rotation 






1tWS  (3-33) 
  
The filling degree f  is more commonly used than the filling angle ε . However, for 
the calculation, it is easier to use the filling angle. The relationship is as follows 
 

















It can be written as follows 
 
 ( )εεεπ cossin1f ⋅−⋅=  (3-35) 
  
The distribution of the temperature according to Eq. (3-30) is presented in Figure 3-11 
for ∞→Bi . The thickness of the lumped capacity layer lcZ  is assumed to store the same 




This results in 
 













−−=  (3-36) 
 
 It means that the above area of the temperature penetration in the wall is equal to the 




Figure 3-11. Definition of the lumped capacity layer 
 
 
The integration depends only on the Biot number. A typical Biot number for rotary kilns is 1. 
Its value can be approximated by the correlation as shown in Figure 3-12. 
        ( )Bi41ln81.0Zlc ⋅+⋅=  
























Figure 3-12.  Determination of the lumped capacity layer 
  
 
 By replacing lcZ  with the Biot number according to Eq.  (3-36)  and  the  contact time 
by Eq. (3-33) we can see that this layer depends on the material properties of the kiln wall, the 
wall-to-solid heat transfer coefficient ( WSα ), the rotation speed ( n ) and the filling angle (ε ), 
and that it is independent of the kiln diameter.  
Some examples for the thickness of this layer are shown in Figure 3-13. This thickness 
is much smaller than the penetration depth. A similar calculation is valid also for the lumped 
capacity layer in the contact region of gas-to-wall. This layer is a little bit larger than the wall-
to-solid one because it also has to transport the heat loss. However, the wall-to-solid lumped 




Figure 3-13. Thickness of the lumped capacity layer 
 
3.3.4 Comparison of analytical and numerical results 
 
 In order to validate the assumptions that are made in the analytical model, we will 
compare this model with the numerical one. Therefore, the influencing parameters will be 
analyzed. It makes sense to introduce an overall regenerative heat transfer coefficient 
 
 ( )SGRR TTDLQ −⋅⋅⋅⋅= εα&  (3-39) 
 
  The above equation, the regenerative heat flow is defined using the temperature 
difference between gas and solid and the area DL ⋅⋅ ε  of the contact solid-to-wall. From Eq.  
(3-27) we get for the overall heat transfer coefficient with respect to the heat transfer 
coefficient wall-to-solid 












α   (3-40) 
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 This ratio depends only on two dimensionless parameters, Stanton number ( GSt ) and 
the heat resistance ratio ( A ). The effect of the influencing dimensional parameters can be 
shown as follows.  
 By replacing the two contact lengths according to Eqs. (3-26) and (3-26), the heat 








WSA  (3-41) 
 



















 The wall-to-solid heat transfer coefficient is not included directly in the Stanton 
number, but it influences the lumped capacity layer ( s ) as it is utilized in lcZ . From 






πεα   (3-43)
 
 
 These three dimensionless parameters show that the regenerative heat transfer is 
influenced by four dimensional parameters: the filling angle (ε ), the heat transfer coefficient 
wall-to-solid ( WSα ), the heat transfer coefficient gas-to-wall ( GWα ), and the heat transfer 
coefficient  
 
 ncT ⋅⋅⋅⋅= ρλπα  (3-44) 
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This introduced new coefficient (unit of W/m²K) is named here as the heat 
transportation coefficient. It should be emphasized here that the kiln diameter exerts no 
influence. 
 As a consequence, the overall heat transfer coefficient can be described as a series of 


































This simple correlation is important at an industrial level since the effort to solve the 
2-dimensional problem can be omitted. The approximation matches with the analytical model 
with an error of only ±  1.7 % as shown in Figure 3-14 for two different gas-wall heat transfer 
coefficients. 
 The heat transportation coefficient ( Tα ) depends on the material properties of the 
wall. For typical refractory and rotational speeds around rpm3~1n = , the heat transportation 
coefficient is in the range of 3000~500  W/m²K.  as shown in Figure 3-15. These values are 
much higher than the other heat transfer coefficients. Thus, the overall heat transfer 
coefficient is mainly influence by WSα  and GWα . On the basis of their numerical 
calculations, Gorog et al. 1982, reported that the operating parameters have only a slight 




Figure 3-14. Approximation of the overall heat transfer coefficient 
 
 
Figure 3-15. Heat transportation coefficient 
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 Figure 3-16 shows the regenerative heat transfer coefficient as a function of the heat 
transfer coefficient wall-to-solid for four heat transfer coefficients gas-to-wall as parameters. 
The solid lines refer to the analytical calculations and the symbols represent numerically 
calculated values. These values are nearly the same for the lab-scale kiln 0.4 m ID and 
technical kiln 4 m ID. This confirms the results of the analytical model, namely that the 
diameter has no influence on the heat transfer. It can be observed that the deviations between 




Figure 3-16. Comparison of numerical and analytical regenerative heat transfer coefficient 
 
 
0.4 m ID 
4 m ID 
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Figure 3-17. Influence of the gas-to-wall heat transfer coefficient on the regenerative heat transfer 
coefficient at various filling degrees 
 
 
 Numerically and analytically calculated values are also compared in Figure 3-17. Here 
the regenerative heat transfer coefficient is depicted as a function of the gas-to-wall heat 
transfer coefficient for two values of the wall-to-solid heat transfer coefficient and the filling 
degree. The deviations are again less than %5± . From the results obtained above we can 
conclude that the regenerative heat transfer model developed in this study is a proper 
approximation for the overall heat transfer by the wall.  
 This figure also shows that for higher values of the gas-to-wall heat transfer 
coefficient and the filling degree, Rα  is about 80% of WSα . In this case, the regenerative 
overall heat transfer is again mainly influenced by the wall-to-solid heat transfer. However, 
for low values of GWα  the coefficient Rα   is much smaller than WSα . In this case the overall 
heat transfer is mainly determined by the gas-to-wall heat transfer. 
 From the two figures above, the rate determining steps on the overall heat transfer can 
be discussed. The regenerative heat transfer coefficient is similar to the wall-to-solid heat 
transfer coefficient for low values of the wall-to-solid heat transfer coefficient (see Figure 
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3-16). This means that the wall-to-solid heat transfer is the rate determining step and the gas-
to-wall heat transfer has a negligible influence.  
 
3.3.5 Comparison of regenerative and direct heat flows 
 
 In order to consider the importance of the regenerative heat flow by the wall in a 
rotary kiln, the regenerative heat flow is compared with the direct heat flow from the gas to 
the solid. This heat is mainly transferred to the solid bed ( GSQ& ) by radiation in industrial 
kilns. The heat flow depends on many parameters such as temperature and composition of the 
gas, etc. Thus, it is different for each kiln and process. Therefore, the heat flow is again 
linearized and approximated applying the law of convection as follows 
 
 ( )SGGSGSGSD TTLQQ −⋅⋅== α&&  (3-47) 
 
where GSL  is the length of the bed surface  
 
 εsinDLGS ⋅=  (3-48) 
 
The heat transfer coefficient between gas and solid GSα  should be considered as a parameter 
as well as the other heat transfer coefficients. From Eqs. (3-27), (3-41), and (3-47), the ratio 
between the regenerative and the direct heat flow is as follows       
 

























   
 From the above equations, we can see that the heat flow ratio is influenced only by 
two ratios of heat transfer coefficients and the filling angle 
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 The regenerative heat transportation coefficient ( Tα ) and the kiln diameter once again 
have no influence.  
 Figure 3-18 presents the ratio of the regenerative heat flow and the direct heat flow 
from the gas depending on the ratio of the heat transfer coefficients GWWS αα with the ratio 
GWGS αα as the parameter. The influence of RQ&  increases with WSα  and decreases with 
GSα . The solid line refers to low filling degree and the dashed line refers to high filling 
degree. Increasing the filling degree from 0.01 to 0.03 increases the heat transfer contact area 
by a factor of 2 (see Figure 3-19).   
 
 
Figure 3-18. Comparison of regenerative heat transfer by the wall and direct heat transfer from the gas 
 
Therefore, the heat transfers to the bed are higher at high filling degree. However, this effect 
is overcome with a high radiation effect at the freeboard gas. Thus, the filling angle ε  has a 
relatively low influence at high radiative heat transfer coefficient.  As the heat transfer 
coefficient from the gas-solid increases, the wall temperature decreases toward the solid 
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temperature. Thus, the regenerative heat flow decreases with radiative heat transfer 
coefficient. The exact values of the heat transfer coefficients are not very well known, as 
previously explained, and depend on a lot of operation and process parameters. Despite of 
this, we have attempted to give an application to the technical cases. 
 
 
Figure 3-19.  Area contact ratio versus filling degree in directly heated rotary kiln 
 
 
 Tscheng and Watkinson, 1979 and Barr et al., 1989 concluded from their experiments 
that the value of GSα  is 5 to 10 times higher than GWα  for the rolling motion. This type of 
motion is characterized by a high velocity and a high turbulence of the particle in the 
cascading layer. The heat transfer into the bed is mainly determined from this layer [Dhanjal, 
S.K., et al., 2004].  The heat transfer from the wall into the plug flow region has a relatively 
low influence because of the low conductivity of this region. 
 In industrial rotary kilns with large diameter, and thus high beam length and high gas 
temperature, the heat transfer coefficient gas-to-wall is higher than the heat transfer 
coefficient wall-to-solid or of the same magnitude GWWS αα < 1. In this type of kiln, when 
the rolling motion occurs the ratio of the regenerative heat flow is only around 5-20%. Thus, 
the effect of the wall is relatively low with respect to the direct heat flow from the gas. 
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Moreover, in laboratory kilns with small kiln diameters and not such high temperatures, for 
example, the heat is mainly transferred by convection. The gas-to-wall heat transfer 
coefficient is much lower than the wall-to-solid heat transfer coefficient, therefore, the ratio of 
the heat transfer coefficients can be extended to 10 as reported by Tscheng and Watkinson, 
1979. In this type of kiln with the rolling motion, the ratio of the regenerative heat flow can be 
in the range of 20-40%. In this case the effect of the wall cannot be neglected. In a slumping 
motion, the solid bed is continuously elevated and leveled off again and again by successive 
avalanches on the surface. Under this condition, the heat transfer to the bed surface is not so 
high and is expected to be in the range of 2 to 5 times higher than the heat transfer to the 
exposed wall. Under this type of motion, the influence of the wall is more dominant than in 
the rolling motion.  
  
Figure 3-20. Influence of the gas temperature on the gas-to-wall heat transfer coefficients 
 
 The heat transfer from the gas to the wall is determined by radiation, therewith, 
depends strongly on the gas temperature as explained in Eq.( 3-6). This profile is shown in 
Figure 3-20 for two gas emissivities. The dotted line refers to a low gas emissivity (clear kiln 
atmosphere) and the solid line presents a high gas emissivity (high concentration of dust, soot, 
ash, etc.). In the hot region of technical rotary kilns, the GWα  can reach the value of 
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KmW1000 2  especially for  higher gas emissivity. In the flue gas region of technical rotary 
kilns or in laboratory kilns with small kiln diameters the value of GWα  is around 
KmW50 2 .  
In Figure 3-21 shows an example where the heat transfer ratio DR QQ &&  is depicted as 
a function of the combustion gas temperature for KmW100 2WS =α . From the figure it is 
clear that the RQ&  decreases with an increase in the gas temperature. In the combustion region 
of technical rotary kilns, the temperature is estimated around 1500-2000°C. In this region, the 
ratio of regenerative heat flow is approximately less than 10%. The contribution of heat flow 
by the wall in this region is very small even in the slumping motion. In the flue gas region of 
technical rotary kilns or in laboratory kilns the maximum gas temperature is around 1000°C. 
Furthermore, by comparing the magnitudes of both the regenerative and direct heat transfer 




Figure 3-21. Influence of the gas temperature on the heat flow ratio 
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4.1 Electrical heating 
 
 
 The studies to predict the heat transfer in the indirect rotary kiln with electrical heaters 
are relatively rare. Most of the previous studies are either focused on the experimental plants 
or to improve the final quality of the products. Marias et al., 2005 investigated a mathematical 
model for the pyrolysis of aluminium waste, but it has to be solved numerically with Matlab 
and Fluent. The goal of this study is to investigate a simplified analytical model with a simple 
kiln construction, therefore the impact of the parameters influencing the process are easy to 
understand. The previous model is extended to examine the relationship existing among the 
heat transfer processes at any kiln cross-section. The definition and approximate derivation of 
the thickness of a fictitious layer in the kiln wall is not necessary, the real wall thickness can 
be used instead.  
 
4.1.1 Description of the model 
 
 
 The kiln wall plays a major role in the total amount of the heat transferred within the 
furnace. Indeed, it receives the thermal power released by the heating furnaces, stores the heat 
in the kiln wall and releases it towards the solid bed particles due to the rotation. The kiln is 
supposed to be a cylinder with inner diameter ID, of length L and of thickness s. There are 4 
typical materials for the indirect heated kiln wall, the thermophysical properties are 
summarized in Table 4-1 
 
Wall Material ( )KmW 2λ ( )3mkgρ  ( )kgKJc  Emissivity (ε) 
Stainless Steel (Fe-304) 29 7530 640 0.2 
SiC 40 2700 1650 0.8-0.9 
Sapphire (Al2O3)  6 3600 1260 0.1 
Graphite 20 1730 1920 0.7-0.85 
 
 
Table 4-1. Thermophysical properties of indirectly heated rotary kiln wall at 1000°C (Mills, K.C, 2002, 
Touloukian et al. 1970) 
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 As can be seen, the thermal conductivity of each material is low; therefore the wall 
temperature in any axial kiln position is essentially small. Thus, a cross-section model can be 
established over the length of the kiln as the basis for an overall heat transfer simulation. 
The specific heat transfer paths occurring along the axial kiln and at a cross-section of 
a kiln are shown in Figure 4-1 and Figure 4.2, respectively; and described as follows: 
? elQ&  the heat given from the heating furnace (electrical power dissipated into heat). 
This value is assumed to be constant, 
? GSQ&  the heat transfer between the kiln wall and the solid bed within the gas side, 
? WSQ&  the heat transfer between the covered kiln wall and the solid bed. 
 
The thermal conduction in the radial direction is assumed to be infinite; thus, the 
temperature in radial direction can be assumed to be constant (one dimensional problem). The 
gas in the rotary kiln is assumed to be inert; therefore, only heat transfer radiation considered 






   







Solid bed  
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Figure 4-2. Cross sectional heat transfer of indirect rotary kiln 
  
 
 It is supposed that the total amount of electrical power received by the heaters is 
completely released as heat power and this heat is perfectly distributed over the circumference 
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The Fourier’s law for an energy balance on an element thickness xΔ of the kiln wall is 
described as follows (Figure 4-3)  
 
 ( ) QHdHQHQQ el &&&&&&& +++=++ + λΔλλ  (4-1) 
  
The rotational speed of a rotary kiln is high, the heat conduction is negligible. 
 
 QQHdH el &&&& −=+  (4-2) 
 ( )Sel TTdRLdRLqdTcM −⋅⋅⋅⋅−⋅⋅⋅=⋅⋅ ϕαϕ&&  (4-3) 
 
Its velocity is assumed to be constant and can be set equal to the surface velocity 
 
  nR2u ⋅⋅⋅= π  (4-4) 
 
 
Therefore the mass flow of the kiln wall because of the rotation is equal to 
 
 ρ⋅⋅⋅= sLuM&  (4-5) 
 
From Equations (4-3), (4-4) and (4-5) the heat balance is described as follows 
 
 ( )Sel TTdRLdRLqdTsuc −⋅⋅⋅⋅−⋅⋅⋅=⋅⋅⋅⋅ ϕαϕρ &  (4-6) 
   
For further calculation a circumferential coordinate is introduced 
 
 ϕdRdx ⋅=  (4-7) 
 
 
Therefore Equation (4-6) is reduced to  
 
 ( )Sel TTqdx




The temperature distributions in the two regions are described with a lumped capacity model 
as follows:  






dTsuc −⋅−=⋅⋅⋅⋅ αρ & (4-9) 
 







dTsuc −⋅−=⋅⋅⋅⋅ αρ &   (4-10) 
 
 
where WSα  and GSα  are the heat transfer coefficients on the wall-solid and gas-solid 
regions, respectively. The heat from the wall to the solid bed is transferred mainly by 
radiation. However, as mentioned previously in Chapter 3 the radiation has to be linearized. 
As shown in Figure 3-9, the error because of the linearization is much smaller as the 
uncertainty of the heat transfer coefficient. The density and specific thermal capacity of the 
kiln wall are assumed to be constant because the temperature differences along the kiln wall 
are relatively small. This model is valid at any point along the kiln axis.  
 
4.1.2 Temperature distribution 
  
The kiln wall temperature can be calculated with lumped capacity model (integration 
of Equations (4-9) and (4-10) 
 






















































The boundary condition for the initial temperatures 0,ST  and 0,GT  are obtained from 
the condition that the temperatures at the end of each region have to be equal to the inlet 
temperature of the other region 
Solid region ( )WSLx0 ≤≤ :  
 




Gas side    ( )GWLx0 ≤≤ : 
 
 2TT 0,G =   and  1T)x(T G =  (4-14) 
 
 







































 nR2u ⋅⋅⋅= π  (4-19) 
 
The length can be replaced by the radius and the filling angle 
 
 R2LWS ⋅= ε  (4-20) 
 ( ) Rsin2LGS ⋅⋅= ε  (4-21) 
 










⋅  (4-22) 
 
  
A heat transportation coefficient is introduced here as  
 
 
 sncn ⋅⋅⋅= ρα  (4-23) 
 
 









SSt  (4-24) 
 
 
Therefore the physical meaning of the Stanton number is the ratio of heat which is transferred 




 If the heat transfer coefficients are the same ( )GSWS αα = , the kiln wall temperature 












 At low kiln wall temperature and low emissivity of kiln wall material (steel), the 
radiation heat transfer between wall and solid is relatively low. Sometimes there exists an 
opaque gas effect i.e. no radiation heat transfer. For the limiting case ( 0GS =α ) the long 
equations (4-15) and (4-16) are reduced to  
 
 
( ) ( )( )
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 (4-27) 
  
 The dimensionless temperature is defined as the difference of kiln wall temperature to 













The dimensionless temperature distribution at the solid region is defined by 
 









































and at the gas region 
 
 












































































Figure 4-4 (a) shows that the difference of the kiln wall temperature to the solid bed 
temperature is compared for different heat transfer coefficients (kiln wall material is steel). 
The parameter estimation is for the same value of wall-solid and convective outer wall heat 
transfer coefficients. The level of the kiln inner wall temperature increases toward the outer 
wall temperature as the radiation heat transfer coefficient ( )GSα  decreases.  
The maximum inner wall temperature is reached when there is no radiation heat 
transfer from the wall ( ∞=GSWS αα ), corresponding to Eqs. (4-26) and (4-27). In the 
circumferential direction, the wall temperature is cyclic due to the kiln rotation (see Figure 4-
4 (b)). This figure is depicted at the ratio of heat transfer coefficient = 4 for various Stanton 
number. The kiln wall decreases as it immersed to the solid bed ( °° 90~0 ) and increases 
again as it touches the gas region ( °° 360~90 ). For a typical rotational speed n = 1-3 rpm i.e. 
Stanton number 0.03-0.01; the temperature differs only less than 1 °K. At infinite rotational 
speed i.e. Stanton number is zero; the inner wall temperature is unchanged. Eqs. (4-18), (4-
20), (4-24), and (4-30) show that the dimensionless kiln wall temperature distribution is 
influenced by the wall-to-solid heat transfer coefficient, gas-solid heat transfer coefficient, 




Figure 4-4. (a)  Temperature distribution of kiln wall for different heat transfer coefficient 













Figure 4-5. Heat transportation coefficient in indirectly heated rotary kiln with electrical heater 
 
 
 For the typical rotational speeds around rpm3~1n = , the heat transportation 
coefficient is in the range of 5000~300  KmW 2 ( Figure 4-5). The solid line refers to the 
wall thickness of 1 cm and the spotted line refers to the wall thickness of 2 cm. The heat 
transportation coefficient increases with rotational speed and wall thickness. This value is 
mostly higher than the other heat transfer coefficient therefore the kiln speed has no 
significant influence to the kiln wall temperature distribution. The dimensionless 
temperature for various Stanton number are plotted in Figure 4-6 and Figure 4-7 under similar 
conditions as for the previous cases. These figures show that, for high wall-solid heat transfer 
coefficient in comparison with the radiation heat transfer coefficient the kiln wall decreases at 
the solid region and than increases at the gas region. Vice versa, the kiln wall temperature 
increases at the solid region and decreases at the gas region. For higher rotational speeds i.e. 
lower Stanton number, both the inner wall temperature and the difference between the 















Figure 4-8 (a-b) illustrates the dimensionless maximum temperature difference of the 
kiln wall temperatures for steel for two different filling degrees. The solid line represents the 
kiln wall thickness of 1 cm and the dotted line for 2 cm. The maximum and minimum inner 
wall temperature differences decrease with an increase of the wall thickness and the filling 
degree. At higher values of rotational speed, both the figures show that the temperature 
differences are low and can be neglected. At higher ratio of heat transfer coefficients (infinite) 
the temperature difference reaches to the higher value (no radiation heat transfer). However, 
as the radiation heat transfer coefficient increases both the inner wall temperature and its 
differences decrease. At the same magnitude of heat transfer coefficient the inner wall 
temperature remains constant according to Eq. (4-25). Furthermore, under some 
circumstances the radiative heat transfer coefficient can be higher than the wall-solid heat 
transfer coefficient. In this case, the temperature difference increases with the radiative 










Figure 4-8. The maximum and minimum dimensionless temperature difference of the kiln wall for steel 















 Figure 4-9. The maximum and minimum dimensionless temperature difference of the kiln wall some 







Figure 4-9 (a-c) illustrates the dimensionless temperature difference of the inner wall 
other kiln wall materials at filling degree 10%. Increasing the kiln wall thickness from 1 to 2 
cm decreases the wall temperature differences to 5%.  At no radiation heat transfer 
coefficient, the inner wall temperature difference reaches to the larger value. The heat transfer 
coefficient ratios 2 and 0.5 have the same values but in reverse direction (according to Figure 
4-6 and Figure 4-7). At typical rotational speed, Silicon Carbide (SiC) and Aluminium Oxide 
(Al2O3) have almost the same temperature profiles. However, graphite has the highest inner 
wall temperature difference in comparison to the other kiln wall materials. Nevertheless, at 
high rotational speeds all materials have the low temperature differences.  
 
4.1.3 Heat flow 
 
 The amount of electrical power which is received from the heaters is released as heat 
power and distributed over the circumference of the kiln into two parts: covered wall-to-solid 
heat transfer ( )WSQ&  and uncovered wall-to-solid heat flow ( )GSQ& . A portion of this heat is 
lost to the surroundings. Therefore, it should be pointed out that the given electric heat flow 
( )elQ& is the total electrical power supply received from the heaters minus the heat loss to the 
surroundings 
 
 LOSSTel elQelQQ &&& −=  (4-32)  
 
The heat flows per meter kiln length are obtained by 
 





Q α&         (4-33) 
  





Q α&  (4-34) 
  
 


































































































































































































































































In Figure 4-10 the heat flow ratios are plotted against the heat transfer coefficient 
ratios.  The figure shows that the infinite rotational speed ( 0StS = ) has the same value as the 
other typical rotational speed (n = 3 rpm; 01.0St = ) and n = 0.5 rpm ; 3.0St = . Nevertheless, 
the value changes if the rotational speed is very low (n = 0.05 rpm; St = 2.9) that never exists 
in any indirect rotary kiln. Therefore, the analytical solution for the heat flow to the solid bed 
can be further simplified with the equations of the infinite rotational speed Eqs. (4-39) and (4-
40). Until this point it must be emphasized that changing the kiln speed does not alter the heat 
transfer conditions significantly, but it does strongly affect the residence time of the solids 
and hence overall kiln performance. This aspect of rotary kiln behaviour is beyond the scope 













 Figure 4-11 illustrates the heat flow ratios in dependence to the heat transfer 
coefficient ratios for different values of filling degree. The solid lines represent the thin wall 
and the dotted lines for thick wall, but the difference in this example is very low. The heat 
flow from wall to solid increases with WSα  and decreases with GSα . At 1GSWS =αα  and a 
lower value of filling degree, both types of the heat flow have almost the same value 
2.1QQ GSWS =&& . This effect is caused by the fact that the inner wall temperature is constant 
and the area available for the heat transfer, at both the covered wall and exposed solid surface, 
is also the same (refer to Figure 4-12). Nevertheless, at the same magnitude of heat transfer 
coefficients the regenerative heat transfer ( WSQ& ) is 50-60%  in comparison to the overall heat 
transfer to the solid bed. At a value of WSα  is 10 times higher than GSα  at high filling 
degree,  the heat flow from the wall to solid is almost 5 times higher than the direct heat flow 









4.2 Gas heating 
 
 
 In the manufacturing process of food and meals, the indirect rotary kilns with gas 
heating are widely used. The heating sources can be the combustion gas or steam jacket. 
However, the combustion gases usually exist at higher temperature (800°C), whereas the 
product induced a series of deterioration reactions that affects the final quality of the product. 
Thus, some countries are restricting the use of indirect heating with combustion gases for 
certain nutritional products (Wilkes et al., 1991).  The advantage of this kiln is that it yields 
better product quality, reduces atmospheric contamination and decreases energy costs, by 
using water vapour from the drier itself as a steam source.  
 The objective of this work is to model the heat and energy balances for an indirect 
pilot plant rotary kiln with combustion gas or steam jacket, in order to obtain a simplified 




4.2.1 Model Description 
 
 
 As mentioned previously in the chapter 4.1, the kiln wall has a significant influence on 
the heat transfer in the indirect heating rotary kiln. The typical materials for the kiln wall are 
already shown previously in Table 4.1 except graphite, since it is used only for the electrical 
furnaces. The steady state analytical model is based on the following assumptions: the thermal 
conduction in the radial direction is assumed to be infinite whereas at circumference is zero. 
Solid particles are of uniform size. There is no heat loss to the surroundings. There is only air 
present in the interior of the kiln (inert gas), thus there is no heat transfer from the gas to the 
kiln or to the solid bed. There is no evaporation of water from the solids.  The heat transfer 
steps are shown previously in Figure 4-13.  
 In this system we use the same heat flow as in chapter 4.1, the difference is that the 
given heat flow comes from the hot combustion gas/steam jacket ( )0Q&  instead of the 
electrical heaters ( )elQ& . In order to simplify the modelling of the process, the heat transfer 































The effective parameters are described as follows: 






+=   (4-41) 
 
 























s  is very low the temperature differences in radial direction can be neglected again.  
 
The single parameters are : 
 
? 0Gα  the convective heat transfer coefficient of the heating device. For the hot combustion 
gas system the range is 20050 0G ≤≤ α  KmW 2 . For the steam jacket system the value 
is very higher and assumed to be infinite ∞=0Gα .  
? GSα  the radiative heat transfer coefficient between kiln wall and solid bed surface. It is 
supposed that the kiln wall has a lower value of the temperature, because of the properties 
of the wall. Thus, the value of this coefficient is considered low. The value can be zero if 
we have an opaque gas system (for low emisivities of the kiln wall material or very low 
kiln wall temperature) 
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? WSα  the conduction heat transfer coefficient between covered kiln wall and solid bed. 
This value depends on many parameters such as particles velocity, kiln diameter, etc., 
therefore this value will vary in the range KmW2000 2WS ≤≤ α .  
 The energy balance, according to Fourier’s law for the description of conduction on an 
















The heat balance yields to 
 
 
 ( ) QHdHQHQQ 0 &&&&&&& +++=++ + λΔλλ  (4-44) 
 
 
Since the rotational speed of the kiln is high, the heat conduction along the kiln length is 
negligible 
 
 QQHd 0 &&& −=  (4-45)  
 
 ( ) ( )S0G0 TTdRLTTdRLdTcM −⋅⋅⋅⋅−−⋅⋅⋅⋅=⋅⋅ ϕαϕα&  (4-46) 
 
 nR2u ⋅⋅⋅= π  ( 4-47) 
   







H& HdH && +
 Gas 
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By inserting the surface velocity and mass flow from previous Equations (4-4) and (4-5), 
respectively; into (4-46) the energy balance leads to 
 
 ( ) ( )S0G0 TTdRLTTdRLdTLsuc −⋅⋅⋅⋅−−⋅⋅⋅⋅=⋅⋅⋅⋅⋅ ϕαϕαρ  (4-49) 
 
Finally, using the lumped capacity model the model is reduced to 
 
 ( ) ( )S0G0 TTTTdx
dTsucp −−−=⋅⋅⋅⋅ ααρ .  (4-50) 
 
 
 The temperature distribution of the kiln wall in the solid and gas contact regions are 
described with a lumped capacity model 
 
The solid region :  
















dTsucp −−−=⋅⋅⋅⋅ ααρ .  (4-52) 
 
 
The density and specific thermal capacity of the kiln wall are assumed to be constant because 
the temperature differences along the kiln wall are relatively small. 
 
4.2.2 Temperature distribution 
  
 
 The temperature distribution of the kiln wall for solid and gas contact regions lead to 
(Integration of Eqs. (4-51), (4-52)) 
 
   
( )












































=− . (4-54) 
 
The boundary conditions are 
 
 1TT 0,S =   and 2T)x(T G =  (4-55) 
 
 
 2TT 0,G =   and  1T)x(T G = . (4-56) 
 
Finally the temperature distribution can be described as : 
wall-solid contact region 
 
 
  (4-57) 
 




 Dimensionless temperature distributions are introduced by normalization of the 
difference of wall temperature to solid temperature in relation to the maximum temperature 

































 From Eqs. (4-59), (4-60), and (4-62) one can see that the temperature distribution of 
the kiln wall is influenced by two dimensionless parameters ( )A,StS , the effective heat 
transfer coefficients ( )SG0 ,, ααα , and the filling angle ( )ε . It should be emphasized here that 
the diameter once again has no influence on the temperature distribution and the rotational 
speed appears only in the heat transportation coefficient (Eq. (4-23)). 
If the heat transfer coefficients are in the same magnitude ( GS αα = ), the kiln wall 










































































































































































αθ  (4-65) 
   
 
Now the case is assumed that the wall temperature corresponds to the saturation 
temperature of the heating surface. Thus, if the heating surface is the condensing steam the 
heat transfer coefficient is very high/infinite typical values are 3000-10.000 KmW 2  
( ∞=0α ) [Canales et al. 2001]. For this case, the inner wall temperature has the same value 
as the temperature of the steam 
 
 
 1GS == θθ  (4-66) 
 
 
 A typical circumferential dimensionless temperature distribution is presented in Figure 
4-15  for the same value of wall-solid and convective outer wall heat transfer coefficients. The 
material of the wall is steel with high density and low heat capacity. The figure reveals that at 
a low radiation heat transfer the inner wall temperature rises towards the outer wall 
temperature ( GT ). As the radiation heat transfer coefficient increases the inner wall 
temperature decreases towards the solid bed temperature. For the same heat transfer ratio, the 
inner wall temperature remains constant according to Eq. (4-63).  Furthermore, if the heat 
transfer wall-solid is higher than the radiation of the wall, the inner wall temperature is 
decreasing at the solid side and increasing at the gas side. Vice versa, when the heat transfer 
wall-solid is lower the inner wall temperature increases at the solid side. This phenomenon is 
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clearly illustrated for different Stanton number in Figure 4-16 (a) and (b) for the higher and 
lower ratios, respectively. Typical rotational speed is n = 1-3 rpm with Stanton number 0.03 – 
0.01. Therefore, it reveals that the circumferential temperature variations for typical kiln 
speeds are less than 3 K, thus the inner wall temperature is expected to be constant. 
Furthermore, the temperature cycling in the wall is expected to be the greatest at a high 
radiation between wall-solid or in areas where there exists a large difference between outer 























Figure 4-18.  Inner wall temperature distribution for different Stanton number at heat transfer 




The dimensionless inner wall temperature distribution along the circumference is 
plotted again in Figure 4-17 for Graphite. This figure indicates that both the temperature level 
and the temperature cyclic on the inner wall are slightly higher than that of steel. A decrease 
in the heat transfer ratios by 50% reduces the inner wall by 3 to 5% towards the solid bed 
temperature. Graphite has a higher value of emissivity therefore the radiation heat transfer is 
high. In this example it is necessary to show all possibilities cases. Nevertheless, the 
temperature difference between the gas and solid side is less than 5 K for typical rotational 
speed with Stanton number 0.045 – 0.009 (see Figure 4-18). For lower kiln speed n = 0.5 rpm 
(Stanton number = 0.09), the gas and solid inner wall temperature increases by 10%. Thus, 
the inner wall temperature is expected to be constant for typical kiln speed.  
Figure 4-19 shows a high filling degree for typical kiln wall material (steel). By 
increasing the filling degree, the gas region becomes smaller and the region occupied by the 
solid is larger; thus, the time that the wall spends beneath the solid increases and the time in 
contact with the gas decreases; and therefore both the inner wall temperature and the 
difference between the maximum and minimum temperature are reduced.  
 





Figure 4-20. Maximum and minimum dimensionless temperature difference for two different filling degree 
  
 
Nevertheless, an increase in the filling degree to 50% decreases the level of the inner 
wall temperature less than 2% which is not significant. This phenomenon is valid for all kiln 
wall material. Moreover, the circumferential wall temperature varies less than 3% for typical 
rotational speed with Stanton number 0.06-0.012. Therefore, the temperature cycling of the 
inner wall at typical rotational speed is independent of the filling degree and thermophysical 
material properties.  
The influence of the rotational speed on the difference between the integrated exposed 
and covered inner wall temperature is shown in Figure 4-20. It is evident that, for the higher 
rotational speeds, the temperature difference decreases. Moreover, an increase in the filling 
degree by 50% decreases the temperature difference by 3%. A higher temperature difference 
is expected at infinite heat transfer coefficient ratios i.e. no radiative heat transfer. The 
difference decreases as the radiative heat transfer coefficient increases (inner wall temperature 
decrease at the solid side and increase at the gas side). On the other hand, when the radiative 
heat transfer is higher than the wall-solid heat transfer coefficient the temperature difference 
increases again but in a vice versa direction (inner wall temperature increase at the solid side 
and decrease at the gas side). A similar operating condition as the previous case is used in 
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Figure 4-21 to calculate the inner wall temperature for two filling degrees. The solid line 
refers to filling degree 10% and the dotted line to filling degree 50%. An increase in filling 
degree by 50% decreases the temperature difference by only 1%. Therefore, the solids fill 
ratio has no significant influence to the temperature difference. Furthermore, for low radiation 
heat transfer coefficients the difference between the dimensionless maximum and minimum 
inner wall temperature is higher.  Increasing the radiation heat transfer coefficient by a factor 
of 2 decreases the inner wall temperature and the temperature differences. The temperature 
difference increases with the convective outer wall heat transfer coefficient, but in some 
stages the temperature difference reduced. There is no temperature difference on the inner 
wall temperature at infinite 0α  i.e. 0=ΔΘ .  
 













4.2.3 Heat flow 
 
 The heat flow to the solid bed is divided into two parts: covered wall-to-solid heat 
transfer ( )WSQ&  and uncovered wall-to-solid heat flow ( )GSQ& . The total heat flow is the sum 
of both  
 
 GSWST QQQ &&& +=  ( 4-67) 
 






































T QQQ &&& +=  (4-72) 
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For a steam heating system ( ∞=0Gα ) the model is simplified as 
 
 





 R2LWS ⋅= ε   
 ( ) Rsin2LGS ⋅⋅= ε  (4-76)  
 
 
 Figure 4-22 shows the influence of the filling degree on the heat flow to the solid bed. 
The heat flows are defined in comparison to the kiln length and maximum difference between 
temperature of the hot combustion gas and the temperature of solid bed. The heat transfer 
coefficient of the hot combustion gas and wall-solid are in the same magnitudes. The heat 
flow increases with the filling degree and decreases with the exposed wall-solid heat transfer 
coefficient. Increasing fill ratio by a factor of 2 increases the heat flow ratios less than 5%; 
which is a relatively low effect. On this basis, changes in fill ratios are not expected to 
strongly influence heat transfer within the kiln. At the same magnitude of the heat transfer 
coefficients ratio, the regenerative heat flow from the covered wall-solid bed is 50%-60% to 
the total heat flow received by the solid.  At the condition that the covered wall-solid heat 
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transfer coefficient is 10 times higher than the exposed wall-solid heat transfer coefficient, the 
regenerative heat flow is 90% of the total heat flow. This fact explains that in externally 
heated rotary kilns the regenerative heat flow has a significant influence to the process.  
 
 





4.2.4 Overall heat transfer coefficient 
 
 
An overall heat transfer coefficient ( ovα ) is introduced as the total heat flow received by the 
solid related to the kiln length, the covered wall length and the maximum temperature 











In order to determine the role of regenerative heating in the overall heat flow to the 
solids, dimensionless quantities on the overall heat transferred to the solid related to the heat 
transferred from the hot gas are used to calculate the total heat transferred to the solids.  
 
  
( ) ( )( ) ( )( )
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 ovGSovWSov ααα +=     (4-83) 
 
 









































Figure 4-23.  Dimensionless overall heat transfer coefficient at various rotational speed 
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Figure 4-24. Influence of the effective heat transfer coefficient ratios on the dimensionless overall heat 
transfer coefficient to the solid 
 
 
The influence of rotational speed on the dimensionless overall heat transfer coefficient 
is shown in Figure 4-23. The solid line refers to a high radiative heat transfer between the wall 
and solid, the dotted line refers to a low radiation. The outer wall convective heat transfer 
coefficient is constant at 100 W/mK. With an increase in the kiln speed from 3 to infinite rpm, 
the overall heat transfer remains unchanged. It is evident that, for typical rotational speeds, 
the infinite rotational speed is an appropriate assumption to calculate the total heat flow 
received by the solid. The heat flows remain constant with the kiln speed, the value changes 
for a very low rotational speed ( rpm01.0n < ). Therefore, to evaluate the overall heat 
transferred to solid, instead of using a long equation according to (4-80), one can use a 
simplified model according to Eqs. (4-81) and (4-82).  It must be noted although the kiln 
speed does not strongly influence the total heat flow received by the solids; it is  significantly 
alter the thermal load and residence time of the solids. For these reasons, kiln speed has an 
effect on kiln operation; however, it is beyond the scope of this work.  
 Figure 4-24 illustrates the influence of the effective heat transfer coefficient ratios on 
the dimensionless overall heat transfer coefficient to the solid bed under the similar 
conditions. An increase in the effective heat transfer coefficient ratios from 0 to 0.2, improves 
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the overall heat transfer coefficient to the solid bed to the outer wall heat transfer coefficient 
by 20% for no radiation heat transfer and 35% for high radiation heat transfer. For high 
contact between wall-solid and no radiation heat transfer, ovα  is about 60% of 0α . Thus, the 
overall heat transfer to the solid bed is mainly influenced by the wall-solid heat transfer 
coefficient. However, if the radiative heat transfer is high the overall heat transfer coefficient 
is higher at low filling degree. This fact is due to the condition that the ovα  is related to the 
contact area of the covered wall, in which at a high filling degree the area of the covered wall 
is higher than the area of the exposed bed surface (see Figure 4-12). However this effect is 
overcome by the fact that the heat flow increases with the filling degree (see Figure 4-20). In 
the case of no radiation heat transfer, increasing the filling degree by a factor of 2 increases 
the overall heat transfer by only 1%. At this point on it is emphasized that the overall heat 
transfer coefficient is influenced by three heat transfer coefficient ( 0GGSWS ,, ααα ) and the 
filling angle ε  has a relatively low influence.  
 
 
4.2.5 Simplified resistance network 
 
 
As shown previously in the previous chapter, the model to predict the overall heat 
transfer coefficient received by the solid is complex. It is necessary to develop a simple model 
to investigate the impact of the parameters easily. While pursuing this goal, the network in 
Figure 4-25 is formulated by the extension of the standard electricity resistance analogue 
including both the rotational kiln wall and the convective heat flow from the outer wall. This 
method is used to estimate a simplified exposed inner wall heat transfer coefficient and the 
covered inner wall heat transfer coefficient. The results of these calculations are presented in 












Figure 4-25. Resistance network 
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In order to approximate the overall heat transfer coefficient, the following steps are 
introduced.  
To predict the resistance of the solid bed the following steps are used: 
 
1. For no radiation heat transfer between the exposed wall and solid 0GS =α , the 
effective heat transfer coefficient in this region is also zero 0G =α (according to Eq. 
































ααα  (4-85) 
 
1.1. For infinite contact heat transfer between covered wall and solid ∞=WSα , and  
according to Eq. 4-43 the effective heat transfer coefficient in this region is equal to 
the convective gas heat transfer coefficient 0S αα = . This is the resistance of the 
wall at the solid side coupled with the convective heat flow from outer wall at the 













































1.2. For steam as heat source ∞=0α , the effective heat transfer coefficient is equal to 
the wall-solid heat transfer coefficient WSS αα = . The result leads to the resistance 
of the covered wall-solid SR .  
 
 WSSR α=  (4-87) 
 
 
These approximations give the heat flow and the overall heat transfer coefficient 
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The second step is to predict the resistance of the exposed wall-solid region without 
influence of the regenerative heat flow from the wall: 
 
2. For no conduction heat transfer between covered wall and solid 0WS =α , the 
effective heat transfer coefficient in this region is also zero 0S =α  (according to Eq. 
4-43). With this boundary condition the previous model gives the overall heat transfer 




















































2.1. For infinite heat transfer coefficient between exposed wall and solid surface 
∞=GSα , thus the effective heat transfer coefficient in this region is equal to the 
convective gas heat transfer coefficient 0G αα =  (according to Eq. 4-42). This is the 
resistance of the exposed wall surface which is coupled with the convective heat flow 







  Figure 4-28. Resistance network for no conduction heat transfer and infinite radiation heat   
  transfer 
 
 

































2.2 . For steam as a heat source ∞=0α , the effective heat transfer coefficient is equal to 
the exposed wall-solid surface heat transfer coefficient GSG αα =  (according to Eq. 
4-40). The result leads to the resistance of the exposed wall GR  










εα sinR GSG ⋅=  (4-93) 
 
 
The results of these approximations give the heat flow and the overall heat transfer 
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In Figure 4-30  the original model of the overall heat transfer coefficient according to 
Eq. (4-84) is plotted against the result of approximation model according to Eq. (4-89).  It can 
be seen that for each value of covered wall-solid heat transfer coefficient the modified 
analogue of Figure 4-27 accurately predicts the overall heat transfer coefficient of the covered 
wall-solid.  
In Figure 4-31 the original model according to Eq.(4-90) is plotted against the 
approximation model according to Eq. (4-95). In this case, it can be seen again that the 




simplified resistance network of Figure 4-29 accurately predicts the overall heat transfer 
coefficient of the exposed wall-solid. For any of the cases in this investigation the error 
introduced by the use of this approximation is less than 1%. Therefore, the modified 
resistance network of Figure 4-25 may be used to predict accurately the overall heat flows and 











Figure 4-31. Approximation model predicted by resistance network versus the original model at 0WS =α
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5 Experimental investigation of the temperature distribution in 
the kiln 
 
5.1   Experimental apparatus and measuring technique 
 
 A series of two heat transfer trials were performed in the pilot kiln with the run 
conditions summarized in Table 5.1. The experimental facility employed for the flow 
measurements comprised a rotary kiln of 400 mm O.D. (250 mm I.D.) and 6.735 m long 
which was designed specifically to study the flow behaviour of granular material and the kiln 
wall in the kiln cross section. It was operated with a fixed rotational speed of 3.25 rpm, and 
was divided into 12 sections but only four sections were used for the experiment (Figure 5-1). 
At each section, five thermocouples were inserted through the wall into the bed and the gas to 
measure the temperature (Figure 5-2). The fuel used was natural gas (appendix) using a 
burner with a maximal capacity of 70 kW. This was premixed with excess number of 2.16, 
prior to the ignition for combustion. The material was dry quartz sand with specification 


















Figure 5-3. Measuring device with five thermocouples 
3 4 5 6 7 8 9 10 11 12
z
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 In addition, an infrared thermocamera was used to measure the outside wall 
temperature, and the measurements were corroborated by measurements with a contact 
thermocouple. A steel container was used for the collection of the outlet hot sand in regular 
time intervals. As depicted in the temperature measuring system shown in Figure 5-4, the 
temperature signals are routed to the sender and then transmitted to a receiver via radio. The 
thermocouples which are attached in the sockets extend into the interior of the kiln with 
different distances to the kiln wall, measuring the temperature of the gas, the wall, and the 
temperatures of the solid bed at different depths (see Figure 5-4). The thermocouples rotate 
together with the kiln continuously, so it is possible to measure the temperatures in 
dependence on time. To measure the temperature along the circumference direction, a 
pendulum is mounted on the kiln with which the rotational angle can be measured in 
dependence on time. Thus, the allocation of the measured temperatures is possible. This new 
measuring system can measure up to 32 temperatures simultaneously. The temperature signals 
are converted and saved as excel data sheet in the computer. With a developed program the 
temperature profiles can be monitored in real time. The time from the start up till the steady 



























1 1.9 50 10 27.68 2.91 500 Sand 
2 1.9 85 10 27.68 2.91 1000 Sand 
 
Table 5-1. Summary of experimental conditions 
 
Properties SiO2 
Density [kg/m3] 1370 
Heat Capacity [kJ/kg K] 0.76 




Table 5-2. Physical properties of the experimental materials 
 
5.2   Experimental work 
  
 Due to the inception of the experimental work, five thermocouples were installed at 4 
axial positions along the kiln length. The thermocouples were inserted with different distance 
to the inner kiln wall. The locations of the thermocouples are summarized in  
 
Radial distance ( r ) from the axis of the kiln [mm] Sections 
Nr.  
Axial distance (z) 
from the kiln head [m] r1 (wall) r2 r3 r4 r5 r6 
1 0.5  0  5 20 40 - 125
2 0.8 0  5 20 40 65 - 
3 1.39 0  5 20 40 65 - 
4 1.795 0  5 20 40 - 125
 





 The thermocouple r1 is attached and measured the kiln wall which due to the rotation 
touched the freeboard gas and immersed in the bed. Thermocouples r2, r3, r4, and r5 served to 
measure the temperatures within the solid bed. The thermo elements at the freeboard gas( r6 ) 
were shielded from the effect of radiation in the freeboard gas, so that the actual local 
temperature was recorded. The temperature of the freeboard gas was relative constant 
therefore at section 2 and 3 this part is abandoned.  
 The kiln was set at a rotation speed of 3.25 rpm, and the natural gas as fuel, was 
introduced from the end near the test section. The temperature of the gas is set to be constant 
at 1000°C for the first run and 500°C for the second run. The rotating kiln was then allowed 
to be preheated for about forty minutes, without solids. Having preheated the system for about 
forty minutes, the solid material –sand- was fed from the hopper, with the aid of a screw 
feeder which ensured a fixed feed rate of the sand into the rotating kiln, concurrently to the 
combustion gas. A cubic receiver was placed at the exit end of the kiln, and it became full at a 
typical feed rate within determined time intervals.  It took around 30 minutes for the sand to 
be transported from the input section to the output section, after which the receiving sand was 
weighed continuously with time.  The measured mass flow rate was observed to increase with 
time until after about two hours, when the flow remained steady at about 85 kg/hr, and the 
mass flow was considered to be at a steady state. 
The temperatures at the respective sections were simultaneously being analyzed 
during the time when the kiln was rotating prior to the achievement of the steady state, and at 
steady state, the fluctuation of the inner wall temperature was observed to be minimal.  The 
primary air feed rate was recorded to be 27.68 m3/hr, however, due to the influx of false air 
through the ends and the junctions of the kiln, as well as within the pores in the feed material 
from the hopper, the actual air utilized for the combustion reaction in the kiln was estimated 
to about 62 m3/hr, at an excess air number, λ , of about 2.16.  The fuel -natural gas- feed rate, 
which was accompanied by the total air feed rate, was 2.9 m3/hr. The recorded experimental 
values are shown in appendix A. The recorded temperatures were plotted against the angles of 






5.3  Results and discussion 
 
 As mentioned previously, experiments were performed to measure the temperature 
distribution within a rolling solid bed. The experiments were carried out with inert solids 
(Sand) in order to exclude the influence of the chemical reaction. The kiln was heated up to 
desirable gas temperature (TG = 500°C for the first run and TG = 1000°C for the second run), 
the solids discharged at different intervals of time and the monitoring of several wall surface 
thermocouples began and continued for about 2 hours to ensure the steady-state condition was 
achieved.  
 Figure 3-4 and Figure 3-6 show the temperature distribution in dependence of the 
rotational angle, measured at two axial positions of the pilot kiln (First trial), respectively. At 
position 1 (Fig. 3-4), the wall temperature was constant with a value of 120°C. At position 2 
(Fig. 3-5), the wall temperature increased to 150°C. Fluctuation of the wall temperatures were 
shown by the two thermocouples as it immersed into the solid bed and touched the gas region. 
Therefore, it was difficult to analyze the results since there was no thermocouple which 
measured only the gas temperature. 
 
 





Figure 5-6. The temperature profile at section 2 trial 1 (z = 0.8 m) 
 
 
 Figure 5-6 to Figure 5-9 show the temperatures of the thermocouples at different 
length in dependence to the rotation angle, measured at four section of the pilot kiln, 
respectively (Second trial). In this investigation, the gas temperature was measured with a 
thermocouple installed at the middle of the kiln (r6). At section 1 (Figure 5-6) the axial 
distance to the kiln head is z = 0.5 m, the gas temperature and wall temperature were recorded 
to be constant at 970°C and 370°C, respectively. The gas thermocouple (125 mm) was 
installed at the center of the kiln, thus it does not touch the solid cold bed. The other three 
thermocouples varying with the kiln rotation, the temperature drops instantly as they 
immersed in the cold solid bed.  During the way passing through the solid bed, the 
temperatures are approximately constant. Thermocouple r1 was installed near the kiln wall (r 
= 5 mm), therefore the recorded temperature was higher due to the contact with the hot kiln 
wall than the other thermocouple (r1-r4). As the thermocouples came out of the solid bed into 
the hot gas side, the temperatures instantly increased toward the gas temperature. The cyclic 
of the temperature recorded (r1- r4) show a mixture of the hot gas and the cold solid bed due 
to the influence of the radiation of the kiln wall and the solid bed. Similar profiles are shown 
at the other measured section (Figures 5-6, 5-7, and 5-8). Within the profiles, in the solid bed 
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at section 1, there exist a ‘cold core’ due to the bad mixing of the solid. However, at a certain 
distance from the input load, the temperature differences of the thermocouples in the solid bed 
are small (Figure 5-10). This figure indicates that the solid was well mixed; therefore, for 
latter calculation the assumption of a uniformity of the solid bed temperature was acceptable.  
 
The gas temperature detected by the thermocouples r6 in section 4 was lower than the 
other gas temperature detected by thermocouples r4 and r3. This fact was because of the 
measurement point was not in the center of the gas volume. As shown on the figures, the 
fluctuation of the inner wall temperature (r1) was relatively low, almost flat. However, this 
temperature actually scattered but do to the high range of temperature difference the 
fluctuation of the temperature can not be seen clearly. The level of the wall temperature 
depends on the ratio of the heat transfer coefficients, thus the measurements of the kiln wall 
temperature helps to analyze it. The gas and solid temperatures are required to determine the 
heat transfer coefficient gas-wall from the experiment which later on capable for the 






















Figure 5-10. The temperature profile at section 4 (z = 1.795 m) 
 
5.4 Comparison of extended model with experimental results 
 
5.4.1 Temperature distribution 
 
 In this section, analyzes are made between the experimental results, the extended 
model, and the literature study. The heat transfer coefficients ratio of the extended model 
based on Eqs. (3-18) and (3-19), and the heat transfer coefficients ratio based on the literature 
study (Chapter 2) are com pared with the measurements data.  It is difficult to predict the 
gas temperature for trial one, since there are no thermocouples which measured the gas 
temperature. As a consequence, the comparisons are made only for the second trial (gas 
temperature 1000°C). The level of the wall temperature from the experiment helps to analyze 
the ratio of heat transfer coeffients.  
 Figure 5-10 shows the temperature profile of the wall on position 1 is compared with 
the heat transfer ratio from the literature study and the extended model. The solid lines refer 
to the model prediction and the symbols represent the measurements data. The temperatures 
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of the wall were scattered and it seemed to be fluctuated along the rotational angle. The 
temperatures decreased at rotational angle 45°-120° and then they tend to increase. The results 
improve the statements that the wall temperatures are fluctuated along the circumferential of 
the kiln. The level of the wall temperature from the measurements gives the heat transfer 
coefficient rations for the extended model of 30. The fluctuation of the inner wall at this ratio 
is around 5%, which is relatively low. The heat transfer coefficients ratio from the literature 
study gives the same temperature level; the different is only of the mean tempeature 
difference. Figure 5-11 shows the comparison of the wall temperature on position 4. The wall 
temperatures were scatered in the range of 409°C-412°C along the rotational angle. The 
extended model agrees well with the experimental data which gives a heat transfer coefficient 
ratio of 40. The fluctuations of the inner wall temperature are around 2%, which is also very 
low. 
 Based on these results, it is clear that the regenerative action of the wall has a 
significant influence to the heat transfer mechanism in the rotary kiln. The direct heat transfer 
from the gas is lower that the indirect heat which is given from the wall. This is a typical fact 
in laboratory kilns with low gas temperatureand low beam length. In industrial kilns, the 
direct heat transfer from gas to solid bed is higher than the indirect heat from the wall. 
Therefore, it is difficult to scale up the experiment result to the technical kilns. Thus, the 
analytical equations derived in this study can be used to solve the problem and for describing 
the regenerative heat transfer in complex process models.  
 
121 
Figure 5-11. Measured and calculated inner wall temperature profiles for trial 1 
 
 
Figure 5-12.  Measured and calculated inner wall temperature profiles for trial 2 
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5.4.2 Gas and solid mass flow 
 
In this section, analyzes are made for solid mass flow from the experimental data Eq. 
5-1 and the solid mass flow from the extended model Eq. 5-2 considering the overall 
regenerative heat transfer coefficient ( Rα ) from Eq. 3-44.  
 
 TCMQ SSS Δ⋅⋅= &&  (5-1) 
 ( ) lmSGSWSRS TAAQ Δαα ⋅⋅+⋅=&  (5-2)
  
Since the pilot plan kiln was operated at co-current flow, the log mean temperature 
difference can be used as shown in Figure 5-12. 
 
 
Figure 5-12. The temperature profiles in the pilot plan kiln 
 
The temperature difference of gas and solid is summarized as follows 
Sections TG (°C) TS (°C) 
I       (0.5 m) 950 200 
II      (0.8 m) 850 320 
III     (1.4 m) 710 400 
IV     (1.8 m) 620 420 
 
Table 5-5.  Measurements of gas and solid temperatures 
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The mean temperature difference between solid and gas is described here 
 








ΔΔΔ −=  
(5-3) 
 
The results of every section is summarized in Table 5.6 
 
Section Experiment (kW) Extended model (kW) Overall regenerative heat 
transfer coefficient ( Rα ) 
1 5 5.2 43 
2 2.7 2.8 27 
3 3.7 3.8 39 
4 2.7 2.8 26 
 
Table 5-6.  Comparison between experiments with extended model solid mass flow 
 
Based on these results, the experimental results are in accordance with the extended 
model in this study. The solid mass flow can be predict using a simple correlation of Rα . 
This simple correlation is important at an industrial level since the effort to solve the 2-
dimensional problem can be omitted.  
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6 Conclusion  
  
The following are conclusions concerning regenerative action of the kiln wall in directly and 
indirectly heated rotary kiln from this study 
1. The regenerative heat flow of the wall in a direct heated rotary kiln can be calculated 
with a simplified one-dimensional model which has an analytical solution. The 
fundamental issue of this analytical model is the introduction of a lumped capacity layer 
characterized by an infinite conductivity in radial direction. Thus, the temperature 
profiles in the angular direction can be calculated using Newton’s lumped capacity 
model. The thickness of the lumped capacity layer is determined from the heat 
penetration model in a semi-infinite body. The deviations from the two-dimensional 
numerical results are less than %5± . 
2. From the analytical model a new heat transfer coefficient for the heat transportation of 
the wall could be achieved ncT ⋅⋅⋅⋅= ρλπα , where n is the rotational speed. 
3. The overall regenerative heat transfer coefficient ( Rα ) can be approximated by three 
heat transportation resistances in series. This includes the heat transfer coefficient gas-
to-wall ( GWα ), the heat transportation coefficient ( Tα ), and the heat transfer 
coefficient wall-to-solid ( WSα ) i.e. 
WSTGWR
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αααα ++= . An advantageous of this 
analytical solution is its implementation in complex simulation models of processes 
without the necessity to solve numerically the two-dimensional Fourier equation for the 
regenerative heat flow.   
4. The heat transportation coefficient Tα  has relatively high values than the other heat 
transfer coefficients. Therefore, it has a low influence on the overall regenerative heat 
transfer. However, the heat transportation coefficient influences the fluctuation of the 
inner wall temperature.  
5. The kiln diameter exerts no influence either on the regenerative heat transfer or on the 
ratio of the regenerative and the direct heat transfer. 
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6. The ratio between the regenerative and the direct heat flow is determined only by three 
parameters : heat transfer coefficient gas-to-wall ( GWα ),  heat transfer coefficient wall-
to-solid ( WSα ), and filling angle (ε ). 
7. In technical rotary kilns, the gas temperature is estimated to be 1500°C-2000°C. This 
high temperature results in a high gas-to-wall heat transfer coefficient and a low ratio of 
GWWS αα . In this case the regenerative heat flow is small in comparison to the direct 
heat flow from the gas. In the flue gas region of technical rotary kilns or in laboratory 
kilns the maximum combustion gas temperature is around 1200°C or lower. Moreover, 
the diameter of the laboratory kilns is small and therefore the beam length is also small. 
Thus, the gas-to-wall heat transfer coefficient is small and the ratio GWWS αα is high. 
In this case the regenerative heat flow by the wall can be in the range of 20%-40%.   
8. The measurement of the pilot kiln shows that the fluctuation of the inner kiln wall 
temperature at the circumferential direction is low. This result is in accordance with the 
analytical model.  The inner wall temperature level depends on the ratio of the heat 
transfer coefficients, thus the measurements of the wall temperature helps to analyze the 
heat transfer mechanism.  
9. In indirectly heated rotary kilns, a one dimensional model is established again to predict 
the temperature distribution of the kiln wall and the heat flows to the solid bed. A heat 
transportation coefficient was derived again from the model but in other definition 
( sncn ⋅⋅⋅= ρα ) where s is the thickness of the kiln wall. 
10. The model is determined only by three parameters : heat transfer coefficient gas-to-wall 
( GWα ),  heat transfer coefficient wall-to-solid ( WSα ), and convective outer wall heat 
transfer coefficient ( 0Gα ). The kiln diameter has again no influence on the heat transfer 
mechanisms.  
11. The analytical model could be reduced by introducing the resistance network of Fig. 4-
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